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Segmented regression models offer model flexibility and interpretability
as compared to the global parametric and the nonparametric models, and yet
are challenging in both estimation and inference. We consider a four-regime
segmented model for temporally dependent data with segmenting boundaries
depending on multivariate covariates with non-diminishing boundary effects.
A mixed integer quadratic programming algorithm is formulated to facilitate
the least square estimation of the regression and the boundary parameters.
The rates of convergence and the asymptotic distributions of the least square
estimators are obtained for the regression and the boundary coefficients, re-
spectively. We propose a smoothed regression bootstrap to facilitate inference
on the parameters and a model selection procedure to select the most suitable
model within the model class with at most four segments. Numerical simula-
tions and a case study on air pollution in Beijing are conducted to demonstrate
the proposed approach, which shows that the segmented models with three or
four regimes are suitable for the modeling of the meteorological effects on
the PM3 5 concentration.

1. Introduction. Regression analysis is a pivotal tool in modeling the relationship be-
tween dependent and independent variables and for prediction purposes. It is often conducted
via two types of models: the global parametric and local nonparametric models. The global
parametric models, such as the linear and polynomial regression models, have the advan-
tages of interpretability and computation simplicity. However, they often perform poorly due
to model misspecification as the underlying model may change over different parts of the
domain. To have better adaptability, nonparametric local models facilitated by the kernel
smoothing, the wavelets or splines, or the regression trees, have been introduced. The local
model’s complexities increase with the data’s dimension and the sample sizes, elevating the
risk of overfitting. The segmented model is a compromise between the global and the local
models as they are as interpretable as the global parametric models but have improved model
specifications.

Conventional threshold regression model (also called regime switching model) [32] was
the first generation of the segmented models. It assumes that the regression function is of form
EY|X,Z)=X"B+ X"61(Z > r), where Z is an observable scalar variable that can be
either a time index or a pre-specified random variable. The threshold regression model has
a wide range of applications in empirical research, ranging from modeling effects of shocks
to economic systems over the business cycles [27], the dose-response models in biostatistics
[29], and in sociological research [5]. Statistical inference of the threshold regression model
with a univariate splitting variable has been well developed. [6], [15] and [16] established
asymptotic properties of the least squares estimators of the threshold regression models and
proposed tests on the threshold effect. As extensions, [12] and [23] introduced the multiple
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threshold regression model E(Y| X, 7)) = X"3 + Z,If:l X"0,1(Z > ry) with K splits and
K + 1 regimes (segments) and investigated the statistical inference problems.

A limitation of the existing threshold regression approach is that the splitting threshold
is largely determined by a univariate variable Z. [1] showed difficulties in finding the uni-
variate splitting variable in the analysis of macroeconomic effects of fiscal policies, and [19]
indicated that a univariate Z was not suitable to regulate the gene effects on disease risks
as the risk of developing a particular disease was due to multiple genes. Recently, [22] and
[35] extended the threshold regression to allow regime switching driven by a multivariate
random vector Z which is either observable or obtained via a factor model. Although these
works overcome the limitation of the univariate split variable, the setting of at most two
regimes can be restrictive for some applications. Machine learning methods, such as the con-
vex piece-wise linear fitting, can produce segmented linear regression with unlimited number
of regimes. However, as these methods were focused on the fitting performances, the under-
lying segmented models may not be identifiable with the suggested procedures. The finite
mixture models (FMM) proposed by [20] can also produce a subgroup linear model fitting
for heterogeneous data. However, the subgroups from the FMMs do not lead to parameterized
boundaries, and thus are less interpretable than the segmented linear models.

Our study is motivated from modelling the meteorological effects on PMs 5 concentration
in Beijing, where a global parametric model is too simple to offer good fitting performances
and a nonparametric model may be too local and do not provide sufficient atmospheric in-
terpretation. The air pollution in Beijing is typically governed by different meteorological
regimes, namely the removal process by favourable northerly wind which removes PMs 5 to
a low level, the calm regime between the northerly cleaning and the start of the transported
pollution driven under the southerly wind, the pollution growth regime under southerly wind
that transports polluted air from the south, and air stagnation regime after the pollution has
peaked, followed by the next removal process by the northerly wind. These motivate the four-
regime segmented regression model in this work. As the air quality and meteorological data
are time series, we consider temporally dependent data in the study.

Motivated by the air pollution problem, we consider four-regime regression models whose
splitting hypersplines are determined by linear combinations of two multivariate covariates
Z1 and Z,, where the splitting variables Z; and Z, can be any regressors, and the two split-
ting hyperplanes can intersect. These make the four regime-regression model less restrictive
than the multiple threshold regression model of [2] and [23] where the splitting variable Z is
univariate, and hence allows not necessarily parallel boundary hyperplanes. The four-regime
models include two and three regime models as special cases, where the splitting boundaries
are either parallel or two adjacent regimes share the same regression coefficient and hence
can be merged.

The main contributions of the study are the following. We first establish the consistency
and the asymptotic distributions of the least squares estimators (LSEs) for both the bound-
ary and the regression coefficients under the four-regime regression model with temporally
dependent p-mixing observations, overcoming challenges posed by (i) the irregular objective
function, (ii) the fixed boundary edge effects rather than the diminishing effects commonly
treated in the literature and (iii) the unconventional form of the asymptotic distribution for
the boundary coefficient vector. It is found that the asymptotic distribution of LSEs for the
boundary coefficients is determined by the minimizers of a compound multivariate Poisson
process, whose jumps depend on the points near the true hyperplanes, and the boundary co-
efficient estimators are asymptotically independent of the regression coefficient estimators.

The generalization to the four regimes with two splitting boundaries brings considerable
computational challenges. Although the LSE of the conventional threshold regression can be
obtained with the grid search method, it is not practical in our setting as the boundaries are
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defined with multivariate variables. To overcome the challenges, we draw inspiration from
[3] and [22] and propose an algorithm based on the mixed integer quadratic programming
(MIQP), which is not only computationally efficient but also can be further accelerated by
adding an iterative component. It is shown the algorithm can facilitate efficient computation
of the LSEs with the rather non-regular form of the least squares objective function.

To permit statistical inference, especially in light of the rather unusual asymptotic distri-
bution for the boundary coefficient estimates, we develop a smoothed regression bootstrap
method and establish its consistency for approximating the distribution of the LSEs. Further-
more, the properties of the LSEs under degenerated segmented models with less than four
regimes are investigated. In order to find the right segmented models with up to four seg-
ments, we propose a model selection method with a backward elimination procedure that is
shown to be able to consistently choose the right number of regimes.

The paper is organized as follows. Section 2 introduces the four-regime regression model.
Section 3 presents the theoretical properties and the asymptotic distribution of the LSEs for
the regression and boundary parameters. In Section 4, we construct a mixed integer quadratic
programming (MIQP) algorithm to efficiently compute the LSEs. Section 5 considers infer-
ence problems for the four-regime regression model. Section 6 investigates the properties
of the proposed estimator under degenerated models with less than four regimes and pro-
poses a model selection method. Sections 7 and 8 report simulation and empirical results,
respectively. Section 9 conclude the paper with possible extensions. All technical proofs are
relegated to a supplementary material (SM, [33]).

2. Model setup. We first introduce some notations. We use 1(.4) for the indicator func-

tion of an event A, [|v| = (320, v2)"/2 for the Ly-norm of vector v = (v1,--- ,vq)" and
N (vp;0) ={v: |Jv —vg|| < 4} for the §-neighborhood of v. Define v_; as the sub-vector of
v excluding its first element, i.e., v_1 = (ve,- -+ ,vq)". We use | E| to denote the cardinality

of a set E. For any two sets E and Eo, we denote Ey A Ey = (Ey \ E2) U (Es2 \ E1) as their
symmetric difference.

Let {W; = (Y}, X+, Z1 4, Zg7t)}tT:1 be a sequence of observations, where Y; is the re-
sponse variable to covariates X; € RP and two partitioning variables Z; ; € R% fori=1and
2, which determine the boundaries of the segments or regimes. The variables X}, Z1; and
Z3; can share common variables. The four-regime regression model is

4

2.1) Yi=> X/ Brol{Zi € R(v0)} +et,
k=1

where Z; is the union of variables of Z1; and Z»,, {ﬁko}%zl are the regression coeffi-
cients, {"io }?:1 are the boundary coefficients, ¢, is the residual satisfying E(e;| X, Z;) =0
with a finite second moment, and R (7o) is the k-th region split by the hyperplanes
{H,o: 270 = 0}2_, for z; € R%. The overall parameter of interest is @ = (v, 3")" where
B=(B1,-,8;)" and v = (7],v3)". We let 6y, By and =y denote the respective true
parameters. For any observation W, it is the signs of Z7 ;19 and Z; ;72 that determine
which regression region it is located at. Denote by 11 (U, V) =1(U >0,V > 0),15(U,V) =
1(U<0,V>0),13U,V)=1(U <0,V <0) and 14(U,V) =1(U >0,V <0). Then we
can write Model (2.1) equivalently as

4

22) Y=Y X/ Broli(Z{ o, Z3,4720) + 1,
k=1

which explicitly reflects the role of « in Model (2.1).



REMARK 2.1. Although the splitting hyperplanes appears linear, non-linearity may be
accommodated by including nonlinear transformed variables in Z;(i = 1,2), for instance,
Z = (Zl,le, 1)". The same extension can be conducted to X. It is also noted that in
the special case of Z;; having the same distribution with Z;, the four segments under
Yo = (779, ¥30)" are not distinguishable from that under 4y = (v3,,77,)". Consequently, 6
is only identifiable up to some permutations. To avoid such situation, we assume that the
distributions of Z; ; and Z» ; are distinct.

REMARK 2.2. Since the signs of Z{~10 and Z;72¢ determine the regimes in Model
(2.1), 10 and ~y90 have to be normalized in order to be identifiable. For any candidate ~y; of
~i0, we normalize it by its first element ; 1, resulting in ; =: (1,4;) where ~; is assumed to
take values in a compact set. As noted in [22], an alternative normalization is ||7;[|2 = 1. In
this study, we employ the former as it has one less parameter.

3. Estimation and asymptotic properties. In this section, we outline the least squares
(LS) estimation for 8 of the four-regime regression model, and establish the convergence
rates of the LS estimators for the regression coefficient ,@ and the boundary coefficient 5
followed by providing their asymptotic distributions.

With the data sample {W; = (Y;, Xy, Z1, Zg,t>};‘5r:1, in view of E(g| Xy, Zy) = 0, we
define the following least squares criterion function

T 4 2 T
1 T T T 1
G Mr(@)=) {Yz = XTBlk(Z] 1, Zg,m)} == ;m(Wt, 0),

t=1 k=1

and the parameter space is © =1y x I's x B*, where I; is a compact set in R% and the first
element of any v € I'; is normalized as 1 for each ¢ = 1,2, and B is a compact set in R?,
Since M7 (8) is strictly convex in 3 and piece-wise constant in v with at most 7" jumps, it

has a unique minimizer 3 = (B7,---,3;)" for 3, but a set of minimizers for -y, which is
denoted as G, such that a LSE 6 = (3", 8")" satisfies
(3.2) My () = inf Mr(6) forany 7 € G.

€

It is noted that for any two 7,7’ € G. , the segmented regimes under the corresponding hyper-
planes must be the same, as otherwise the estimated regression coefficients will be distinct.
In addition, the set G is convex since for each i = 1 or 2, Z}A~i>0and Z},7; > 0 imply
that Z7,7; > 0 for all 5; = a7; + (1 — a)5; with a € [0,1]. In the rest of this section, we
investigate the properties of the LS estimators 6 = (¥, BT)T with¥ € G.

3.1. Identification and consistency. Here we discuss the identification of 8y and estab-
lish the consistency of the LSEs 0. Let W = (Y, X, Z,,Z,) follow the stationary distri-
bution Py of W3, and ¢; = Z~;p for i =1 and 2 to indicate whether Z = (Z;, Z3) is
located on the true hyperplane H;o : Z~;0 = 0 or not. Let S(7) be the set consisting of
index pairs (k,h) if Ri(vo) and Ry (7o) are two adjacent regions split by H;o. Specifically,
S(1)=1{(1,2),(2,1)(3,4),(4,3)} and S(2) = {(1,4),(4,1),(2,3),(3,2)} according to the
provision in the lines above (2.2). Furthermore, let Z be the union vector of variables in Z;
and Z

ASSUMPTION 1 (temporal dependence). (i) The time series { W }+>1 is strictly station-
ary and p-mixing with the mixing coefficient p(t) < cal for finite positive constants ¢ and
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€ (0,1), where p(t) = sup, ;51 {sup Corr(f,g) : f € Q3,9 € 0, }, where Q{ denotes the
o-filed generated by {W, : 1 <t < j}. (ii) E(e¢|Fi—1) = 0, where F;_1 is a filtration gener-
ated by {(Xz, Z1;, Zgi,EZ;l) 1 < t}.

ASSUMPTION 2 (identification). Fori € {1,2} and k,h € {1,---,4}, (i) Z1 and Z are
not identically distributed. (ii) There exists a j € {1,---,d;} such that P(|¢;| <€|Z_;;) >0
almost surely for Z_;; and for any € > 0, where Z_;; is the vector after excluding Z;’s
jth element; without loss of generality, assume 7 = 1. (iii) For any v € I'y x I's and
P{Z € Rir(vo) N Ry(y)} > 0, the smallest eigenvalue of E{ X X ™| Z € Ry(vo) N Rp(y)} >
Ao for some constant \g > 0. (iv) For (k,h) € S(3), ||Bro — Brol| > co for some constant
co > 0.

ASSUMPTION 3. (i) E(Y?) < oo, E(|| X ||*) < 00 and max;—1 2 E(|| Z;||) < oo. (ii) For
each i =1 and 2, P(Z'v1 <0< Z!y2) < c1]v1 — ¥zl if 71,72, € N (7i0;d0), for some
constants dq, cq > 0.

Assumption 1 (i) prescribes the strict stationarity and p-mixing condition on the time se-
ries, as used in the existing time-series threshold regression literature ([16] and [22]). It is
noted that such a decaying rate is only required in deriving the limiting distribution of 7,
which can be relaxed to the polynomial decay for Theorem 3.1 and Theorem 3.2. Assump-
tion 1 (ii) imposes a martingale difference condition for the noises, which is standard for time
series regressions.

Assumption 2 is for the identification of 6y. Specifically, without Assumption 2 (i),
(71,v3)" are not distinguishable from (~3,~])" as discussed in Remark 2.1. It is noted that
the methods and theories in the rest of the papers are applicable without such a condition,
while a permutation for ~; and -9 is possibly required. Section F of the SM ([33]) provides
sufficient conditions for Assumption 2 (ii), which ensures there are positive probability of
observations located around the true splitting hyperplanes. Discrete variables can be accom-
modated in Z;, as long as it includes at least one continuous variable, say Z1 ;. Otherwise,
if all the splitting variables are discretely distributed, then E{m(W,0)} will be piece-wise
constant and g will not be identifiable. Assumption 2 (iii) guarantees that the splittings by
candidate hyperplanes do not lead to degenerated covariance matrices, which is needed for
the identification of 3y. Assumption 2 (iv) means that adjacent regimes have distinguishable
regression coefficients so that the splitting effect of each hyperplane is strictly bounded away
0, which is similar to the fixed threshold effect models treated in [6] and [35]. Assumption
3 (i) is a moment condition, and (ii) means P(Z~ < 0) is continuous at -;o, implying that
E{m(W;80)} is continuous at the true parameter 6.

The identification of 8y is formally ensured in the following proposition.

PROPOSITION 3.1.  Under Assumptions 1 and 2, E{m(W ,0)} > E{m(W,60y)} for any
0 € © and 6 + 60,.

The proposition ensures that despite the multiple LS estimates 'y, the underlylng Yo is
unique. The following theorem shows that any LSE estimators 6 = (7" ﬁT)T defined in
(3.2) are consistent to 6. It is worth noting that though there exist infinitely many solutions ~
which are collected in the convex set G, the consistency of each 4 can be guaranteed, which
implies that the solution set G is a local neighborhood of ~g with a shrinking radius.



THEOREM 3.1. Under Assumptions 1-3, let 6= 7", BT)Tfor any ¥ € G, , then 650,
asT — oc.

With the estimated splitting hyperplanes, each datum can be classified into one of the four
estimated regimes {R;(5)};_,. Besides the estimation accuracy of 6y, the classification
accuracy is also an important criterion. It is shown next that the estimated regime Ry () is
consistent to the true regime Ry (7o) foreachk=1,--- 4.

COROLLARY 3.1.  Under the conditions of Theorem 3.1, P{Z € Ry(vo) & Rip(7)} — 0
asT — oo forall k€ {1,---,4}.

3.2. Convergence rates and asymptotic distributions. We first study the convergence
rates of the LSEs 3 and 4, which require the following conditions.

ASSUMPTION 4. (i) For i = 1 and 2, there exist constants d1,co > 0 such that if € €
(0,61) then P(|¢;| < €|Z_1,;) > co€e almost surely. (ii) For i = 1 and 2, there exists a neigh-
borhood N; = N (7i0; 62) of ;o for some d2 > 0, such that infycp;, E(|| X" xnol|| 27y =
0) > 0 almost surely for each (k,h) € S(i), where k1,0 = Bro — Bho- (i) P(Z7v1 <0<
ZT2,Z5y3 <0< Z3~4) < cs|lv1 — ¥2l| |3 — 4| for some constant ¢g > 0 if 1,2 € Mq
and 73,74 € Na. (iv) sup.ep: E([| X|[*] 2]y = 0) < oo and sup, ¢, E(e®|Z]y = 0) < 0o
almost surely.

Assumption 4 (i) strengthens Assumption 2 (i) and is satisfied when the conditional density
Jaz_., (q) is continuous and bounded away from 0 at ¢ = 0 almost surely. Assumption 4 (ii)
ensures there is a jump of the regression surface at the splitting hyperplane, which is similar
to Assumption D3 of [35] and Assumption 4.(iii) of [22]. Assumption 4 (iii) controls the
probability of data near the cross regions of the two hyperplanes, whose sufficient condition
is presented in Section F of the SM ([33]). Assumption 4 (iv) requires that || X || and £ has a
finite moment of the order 8 around the hyperplanes. R

The next theorem establishes the rates of convergence of 3 and 4, followed by the con-
vergence rate of the proportions of misclassifications.

THEOREM 3.2. Under Assumptions 14, ||B — Boll = Op(1/VT) and |3 — ol =
O,(1/T) for any 7 € G.

COROLLARY 3.2. Under the conditions of Theorem 3.2, P{Z € Ry(~0) 2\ Ri(¥)} =
O(1/T) forall k € {1,--- ,4}.

The theorem, whose proof is in Section B of the SM ([33]), shows that the regression co-
efficient estimator ,@ converges to By at the standard /7 -rate, while the boundary parameter
estimator 4, despite having multiple solutions, converges to 7 at the faster 7-rate. The su-
per convergence rate attained by 7 is quite typical for the boundary parameter estimators, for
instance, the maximum likelihood estimator for the boundary parameter of uniform distribu-
tions, the LS estimator of models with a jump in the conditional density [8], the threshold
regression model [6] and the two-regime regression model with a fixed threshold effect [35].
An intuition for the fast convergence of 4 is that the discontinuity of the regression planes is
highly informative for the inference of . It is noted that in the shrinking threshold effect set-
ting B19 — Bog=cT' " “withc#0and 0 < a < % adopted by [16] and [22], the convergence
rate of 7 is slower at 7122,
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To present the asymptotic distributions of B and 7, we define for each k € {1,--- 4},
By =E{XX"1(Z € Ry(vo)} and £y = B, 'E{ X X"e*1(Z € Rys(v0)} B; '

Let i+ = Zvio and g; = Z ;o for i = 1 and 2. Denote by sF) = (—1)1(@<0, YZERL () pe

the sign of ¢; for Z = (Z7, Z73) € Ry (o). For instance, sgl) = sgl) =1land sg ) =1, 3(2)
1. If Ri (7o) and Ry, (7o) are adjacent such that (k, h) € S(i) fori =1 or 2, let

k,h T T T
(33) & = (81,0 Xi X[ S0+ 2X[ S e1) 1 {21 € Ri(0) U Rn(v0)}
where 0xp, 0 = Bro — Bro- Let Z_1 ;; be the random vector of Z; ; excluding its first element.

Suppose (gi, Z—_1,i, ¢(k:h) ) follows the stationary distribution of (g;;, Z_1; t,ftk h) ). We de-
note Fy, 1z (q]Z_l i) and Fewong, z . (€1gi, Z—-1,) as the conditional distributions of ¢;

on Z_j;and § (k1) on (gi, Z_1,), respectively, and the corresponding conditional densities
are fo1z_,.(a|Z-1:) and feoonq,, 2, ,(€l@i, Z-1,i), respectively. Let Z_1; be the support
of the distribution of Z_; ;. The following is needed for the weak convergence of 5.

ASSUMPTION 5. (i) For ¢ = 1 and 2, there exist constants d3,c4 > 0 such that
P(|gis| < 03, |qisrs] < 03) < ca{P(|gie] < 83)} uniformly for ¢ > 1 and j > 1; (ii) For
each z_1; € Z_1, the conditional density f,, 7z ,,.(q[z-1,) is continuous at ¢ = 0 and
cs < fo1z.. (0|z 1,i)) < cs5 for some constants c4,c5 > 0; (iii) For each £ € R and
zZ_1; € Z_Lz, the conditional density f5<k h>‘qi’z_1‘i(§\q,, zZ_1,) is continuous at ¢; = 0 and

Jewm)qz_, ., (€]0,2_1,) < cg for a constant cg > 0; (iv) Z_1 ; is a compact subset of Rdi—1

Assumption 5 (i) is a non-clustering condition that states the probability of two points are
both located near the splitting hyperplane H; is of a smaller order compared to that of just
one point is located near H;g, which curbs the clustering of extreme events and is similar to
Condition C.4 of [7]. Assumption 5 (ii) and (iii) are on the conditional densities fq,;\ z_,,and
Jewm|q, z_, ,» respectively, which are used to characterize behaviors of the points near Hijo.
The compactness of Z_1 ; is required by the limiting theory of point processes ([28] and [8]),
which may be attained by trimming Z_ ; ; or empirical quantile transformation.

The asymptotic distribution of 4 needs the following stochastic process

G4 S Y eI (2 <0< 0,

1=1,2k,heS(3) £=1

forv = (U1 ,v3)" € R4+d2 where {(f(k h) Zf’?h )32 1 are independent copies of (Ei(k’h), Z_1;)

with € ~ Feoonn gz " (g\o, Z 1) and I3 = T8N ) fo17 0 012057) with 75
z(k) Zn 1€ k h) and { o°_, are independent unit exponentlal variables which are inde-
pendent of {( il ), )}e 1- Moreover, {(é(k h) ZZA(Z’h),Ji(fZ’h))}g’il are mutually inde-

pendent with respect to i=1,2and (k,h) € S(3).

Let Gp = {vm : D(vy,) < D(v) if v # vy, } be the set of minimizers for D(v). Since
D(v) is a piece-wise constant random function, there are infinitely many elements in Gp.
Such a phenomenon also appears in the threshold regression, where the minimizers of the
process, that is a special case of (3.4), are attained in an interval, whose left endpoint is
commonly used as a representative, which is not applicable to our case since Gp is a poly-
hedron. As treated in [35], we use the centroid of Gp as the representative. For any set A of
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d-dimensional vectors, the centroid of A is C(A) = [, ,vdv/ [, . , dv, which can be geo-
metrically interpreted as the center of mass of the set A. Let v, = C(Gp) and ¢ = C ),
where @ is the set for LS estimators for «y. The former will define the limit of 4¢ as shown

in Theorem 3.3. Numerically, 4¢ can be approximated by the average of N elements of G
for a sufficiently large N. The following theorem establishes the asymptotic distributions of

VT (B, — Bro) and T(F¢ — o).

THEOREM 3.3 (Asymptotic distribution). Under Assumptions 1-5, we have (i) VT (,@k —

d ~ d .. ~
Bro) = N (0,%) for k=1,--- 4 and T(¥¢ — vo0) = 7%, (ii) {VT(Br — Bro)}i, and
{T(A¢ — ~i0)}7_, are asymptotically independent.

REMARK 3.1. The limiting process D(v) is derived by the asymptotics of the point
process induced by {( gk’h), Z_1+,Tqit)}l_,. The process D(v) can be regarded as a mul-
tivariate compound Poisson process, whose jump sizes are {51.(]2’“}2‘;1 and jump locations

are determined by the counting measure induced by {(J i(fz’h), Z f’;h))}z’il Intuitively, this is
because D(v) largely relies on those points lying in a local neighborhood of the true splitting
hyperplanes, whose |g; | are on the order of O(T~!), which are rare events with their oc-
currences asymptotically governed by a Poisson process. In the case of univariate threshold
model where Z; = (Z,1)" and ;0 = (1,7,0)" so that Z_; ; =1 and ¢; = Z — o0, it can be
seen that D(v) coincides with the compound Poisson process established in [6]. Theorem
3.3 also extends the result of [35] to accommodate the temporal-dependent data and multiple
splitting hyperplanes. The analysis is technically more involved than the existing literature of
the fixed effect threshold regression due to the challenge of the multivariate boundaries and
the dependence of the observations. To tackle these challenges, we exploit large sample the-
ory for the extreme values and point processes ([25] and [28]), as well as the epi-convergence
in distribution ([21]), which is more general than the classic uniform convergence in distribu-
tion and allows for more general discontinuity, as outlined in the SM ([33]). The techniques
used in the proof may be used to analyze the asymptotic of other extreme type statistics that
can be expressed as some functional of a multivariate point process with temporal-dependent
sequences.

REMARK 3.2. The asymptotic independence of T'(¥§ —~10) and T'(55 —~20) was shown
for the univaraite multiple-regime threshold model ([23]). Theorem 3.3 reveals that this can
be extended to multiple splitting hyperplanes, provided that the probability of data locating
at the crossing region of the two hyperplanes is negligible as reflected in Assumption 4 (iii).
As shown in the proof, the empirical point process induced by {(,ft(k’h), Z 14, Tqiyt),i=
1,2,(k,h) € S(i)}L_, is asymptotic Poisson, whose arrivals can be divided into different
segments, depending on whether they belong to the same pair (k, h) € S(i) or not, where S(i)
is the set of index pairs of adjacent regions split by the i-th hyperplane. Hence, the limiting
Poisson process can be thinned into several asymptotic independent child processes, which
further implies the asymptotic independence of T'(§ — ~10) and T'(45 — ~y20). As a building
block, we established a thinning theorem for Poisson processes for the c-mixing sequences,
which might be useful in its own right. The asymptotic independence of v/T' (Bk — Bro) and
T (5°—~0) can be explained by the fact that the former is asymptotically a sum of terms with
each term being asymptotically negligible. Hence v/T (ﬁk — Bko) should not depend on the
stochastically bounded number of points near the hyperplanes that determine the distribution

of T'(¥* — o) ([18D).
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It is also noted that the temporal dependence structure of the observed time series does not
show up in the asymptotic distributions of T'(¥° — ) and \/T(,@k — Bro). That regarding
\/T(Bk — Bro) is due to the martingale difference condition E(e¢|F;—1) = 0 as far as the
asymptotic variance of Bk is concerned, which is commonly the case in other related studies
[6, 23]. That on the T'(¥° — ~o) is because the asymptotic distribution of 4¢ is determined by
the empirical point process induced by the points near the underlying splitting hyperplanes,
which satisfies Meyer’s condition ([25]) for rare events of mixing sequences and ensures the
limiting process being Poisson as in the case of independent observations.

4. Computation. The computation of the LSE for 7 by minimizing (3.2) is quite chal-
lenging due to the non-regularity of m(W;, ) that makes the most commonly used opti-
mization algorithms unworkable. We overcome the difficulty via the mixed integer quadratic
programming (MIQP), which optimizes a quadratic objective function with linear constraints
over points in polyhedral sets whose components can be both integer and continuous vari-
ables; see [4] and [3] for details. For the two-regime regression, [22] expressed the LS prob-
lem as an MIQP problem to improve the computation efficiency. The inclusion of the second
boundary in the current study brings challenges. If formulated directly using the approach of
[22], it would make the objective function quartic rather than quadratic. We will formulate a
MIQP for the two-boundary problem to facilitate the computation.

To make the notations compact, we define I, ; = 1{Z; € Ry ()} for any candidate v =
(v1,v3) and k=1,--- 4. Let X, ; be the i-th element of X and /3, ; be the i-th element of
By It can be noted that the irregularity of M7 (@) in (3.2) is brought by the indicators {, + }.
If we define ¢y, ; ; = I}, 1B i fori =1,-- -, p, then Mi7(0) can be expressed as

4

T D 2
4.1) Vr(€) = % > (Yt - ZXt,Z-ek,,,t>
t=1

k=1 1i=1

which is quadratic with respectto £ = {/};, :k=1,--- ,4;i=1,--- ,p;t=1,--- | T}.

Since the constraints of an MIQP have to be linear, while ¢}, ; ; = I}, ;81 ; is non-linear, it is
necessary to introduce linear constraints to ensure that {¢; ; ; } have a one-to-one correspon-
dence to the unknown parameters {3y }1_; and{~; }3:1- As By, belongs to a compact set,
there exist constants L; and U; such that L; < 3, ; < U;. By imposing constraints

4.2) It Li <y < I U and  Li(1—1Iny) < Bri— leie <Ui(1—Iiy),

it can be verified that (4.2) holds if and only if ¢}, ; 4 = I} ;B ; under the condition that I}, ; €
{0,1}. That ¢, ; ; = Iy, 1 Bx,; implies (4.2) is obvious. To appreciate the other way, note that if
Iy =1, 0 = Br; otherwise if Iy, y = 0, £y, ; » = 0. In either cases, {3, ; ; = It 1 Bk ;-

The next goal is to relate I, ; = 1{Z; € Ry, ()} to the boundary coefficients {~; }§:1- Let
gjt = H(ijtyj > 0). We first express g;; by linear constraints in ~;, so as to link /I ; with
gj+ via linear inequalities. Let M;; = maxer, | Z},y| which can be readily computed via
linear programming. Then,

(4.3) (gjt — VD(Mj1 +€) < Z7vj < gt Mj

hold by the definition of g;, where € > 0 is a small predetermined constant. On the other
hand, let g;; be a binary variable that satisfies (4.3). Then, g;; = 1 and the first inequality
implies that Z7,y, > 0; and g;; = 0 and the second inequality implies that Z7,~y < 0. Thus,
(4.3) are equivalent to g;; = 1(Zj,v; > 0).

Finally, we construct constraints which are linear in {gj7t}?:1 and equivalent to Iy ; =

1{Z; € Ri(~)}. Since each regime Ry () can be written as Ry (v) = {(21,22) : 5§k)z]?7j >
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0, 7 =1,2}, where s ) e {—1,1} is the sign of z7y; for the points belonging in Rx(7), w

2
can write [y, ; = szl

2
(4.4) Ikt—Hﬂ( 0277 0) =TT {s\" g0+ 1 = 1) /2}

7=1

(; (k )ZTt'yJ > (), which can be linked to {g]jﬂg]»j:1 via

where the first equality is by the definition of I ¢, and the second equality can be directly
verified. Since the right-hand side of (4.4) is a product of two factors taking values in {0, 1},
it can be shown that (4.4) is equivalent to the following linear constraints

[\

(45) Ikt Z{ : jt+ l—Sk)>/2}—1 and Ikt ()gj’t—i—(l—sgk))/Q

forj=1and2and k € {1,---,4}.
In summary, via the linear constraints (4.2), (4.3) and (4.5), we transform the original LS
problem (2.2) to a MIQP problem formulated as following.
Letg={gjr:j=12t=1,--- T}, T={lpy:k=1,---,4,t=1,---,T} and £ =
{lrit:k=1,--- 4i=1,---,p,t=1,---,T}. Solve the following problem:

4 2
. 1
“6) iy Ly (y -y Z“>
4.7)
(ﬁk € Bv Y € F]7 gyt € {07 1}7 Ik:,t € {071}7 Lz < ﬁk,i < Uia
(g0 — D(Mjs+€) < Zjvj < gjiMja, Tl < lrie < I Ui,
subject to { Li(1—1Irt) < Bri — lrie S Ui(1— Iiy),

T <sWgi+ (1= M) 2, Ikt>Z{ Jgje+ (1 — s )/2}
fork=1,---,4,7=1,2,¢0=1,--- ,)pand t=1,---,7T.

The above optimization problem can be solved quite efficiently with modern mixed integer
optimization softwares such as GUROBI and CPLEX. The next theorem, whose proof is in
Section C of the SM ([33]), shows that the formulated MIQP is equivalent to the original LS
problem.

THEOREM 4.1.  For any small € > 0 in (4.7), let @ = (3, 3%)" be a solution of the MIQP
defined with (4.6) and (4.7), then My (0) = My (0) where 0 is a solution in (3.2).

Theorem 4.1 indicates that any ~ satisfying (4.6) and (4.7) is an element of G. , the solution
set for the LS estimators for ~yo. Since for any {g;:} € {0,1}*%, there are infinitely many
~; (7 =1,2) that satisfy the constraint in the second line of (4.7), we can output multiple
solutions {7, = (771,74%5)* }_; of the above MIQP for a sufficiently large NV, and use their
average as an approximation for the centroid 4°¢ of the set G as advocated in [35]. We display
a scatter plot of the multiple solutions from a simulation experiment reported in Section H.2
of the SM ([33]), which appeared to be uniformly distributed. However, it requires further
investigation to understand the detailed mechanism regarding how the multiple elements of
G are produced by the MIQP solver.
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REMARK 4.1. It is noted that the above algorithm requires prior specifications of
(L;,U;), the upper and lower bound for 3 ;. In practice, we can first standardize {Xt}thl
and specify a sufficient large parameter interval (L;,U;) to ensure it contains the true
value. Alternatively, we can employ the data-driven method proposed in [3] that estimates
max{|L;|,|U;|} via the convex quadratic optimization. Besides the proposed MIQP algo-
rithm, the MCMC-based method as used in [35] for the two-regime regression can also be
adapted to minimize the LS criterion M7 (8), which avoids the specification of the parame-
ter bounds but requires more intensive computations since it is a simulation-based method.
A comprehensive comparison between the MIQP and MCMC algorithms for segmented re-
gressions would require more work and we leave it to further study.

REMARK 4.2. As indicated in [22], the MIQP may be slow when the dimension of X
and the sample size 7' are large. As an alternative, we present a block coordinate descent
(BCD) algorithm for the four-regime model in Section C of the SM ([33]), which minimizes
the LS criterion with respect to 3 and -y iteratively. At each step, the update for v given 3 is
via a mixed integer linear programming (MILP), which is easier to solve than the MIQP. The
update for 3 given - is by linear regression in each candidate regime. Hence, the BCD is
computationally more efficient than the MIQP that jointly optimizes (-, 3). However, there
is no guarantee that the BCD converges to the global optimal solution without a consistent
initialization. Simulations to compare the two algorithms are presented in the SM ([33]),
which show that the BCD with proper initial values can produce close solutions to that of the
MIQP with significantly reduced running time.

5. Smoothed regression bootstrap. We now consider the statistical inference problems
for B¢ and ~g. The inference for B3 is quite standard due to the asymptotic normality of ,[§,
while that for the boundary coefficient ~y is much more challenging since the asymptotic
distribution of T'(§° — 7p) has a much-involved form and is hard to simulate.

A natural idea for the inference of  is to employ the bootstrap. However, as shown in
[31] and [34], neither the nonparametric, the residual, nor the wild bootstrap is consistent
in approximating the distribution of estimator for the change points in change point models
or the threshold in threshold regression models. The failure of these bootstrap methods can
be explained as follows. As pointed out in Remark 3.2, only the data around the boundary
hyperplanes is informative for the inference on ~yy. Thus the bootstrap sampling distribution
I/EBT, when conditional on the original data, must approximate the true distribution Py in the
neighborhood of the true hyperplanes. For the identification of g, Po must have a positive
probability on any local region around the underlying boundaries, as reflected in Assumption
2 (ii). However, conditional on the original data, the bootstrap distribution @T is discrete
under either the nonparametric, the residual, or the wild bootstrap, which fails to mirror Pg.
As a remedy, we present a smoothed regression bootstrap method and prove its theoretical
validity.

Suppose that Y is generated according to the following segmented linear regression model
with heteroscedastic error

4

(5.1) Y =Y X"Bol{Z € Ri(v0)} + 00(X, Z)e,
k=1

where e has a continuous distribution and is independent of (X, Z) with E(e) = 0 and
E (e?) =1, and 03(X, Z) is a conditional variance function representing possible het-
eroskedasticity. Model (5.1) is a refinement of Model (2.1) with more detailed structure on
the residuals. If it is believed that the error is homogeneous within each region Ry (o) so
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that e = 03, 1{Z € Ry(70) }e for some o} > 0, as assumed in [34], then the nonparametric
estimation for og(x, z) is not required and oy, can be estimated with the sample standard
deviation of the fitted residuals in the k-th region.

Let Fy(x, z) be the distribution function of (X, Z), whose density function is fy(x, z).
We estimate Fy(x,z) and oy(x, z) nonparametrically with the kernel smoothing. Specifi-
cally, let K (-) and Kg( ) be a p-dimensional and a (d; + dz)-dimensional kernel functions,
respectively. Let G;( f K;(u)du for i = 1,2. The kernel smoothing estimator for

Fy(x, z) is given by
Zt—Z
G
?) (%),

F() €T, Z ZGl <
where hi and ho are smoothing bandwidths.

With the LS estimator (3, 3), the estimated residuals are & = Y; — Zizl XB1{Z €
Ry(7)}. The conditional variance function o3 (z, z) can be estimated via the local linear
approach proposed by [10]. For any given (x, z), the local linear estimator &2(x, 2) = @,
which is defined by

(@) —argmin &~ (X — )", (Z— =) i (T ) (22,

(0‘777) t=1

where i € RPT%+42 and by and by are smoothing bandwidths. Let &; = &; /5 (X}, Z;) and
€: = e; — er, where er = Zthl e;/T. Denote G(e) as the empirical distribution of {ét}le.

We need the following conditions on the underlying stationary distribution and its density
functions, the kernel functions, and the smoothing bandwidths to facilitate the Bootstrap
procedure.

ASSUMPTION 6. (i) The stationary distribution Fy of (X, Z;) has a compact support
and is absolute continuous with density fo(z, z) which is bounded and inf , fo(x,z) > 0.

(ii) The conditional variance function 03 (x, 2) is bounded and inf , o3 (x, 2) > 0.

(iii) The kernels K(-) and Ko(-) are symmetric density functions which are Lipshitz
continuous and have bounded supports. The smoothing bandwidths satisfy h;,b; — 0 for

i=1and 2, and T(log T) ' h?h9 % — o0 and T'(log T)~16Eb3 7% — 00 as T — oo.

Under Assumptions 1 and 6, it can be shown that sup,, , | Fo(z, z) — Fo(z, z)|| 2 0,

and sup,, , [|0%(z, z) — o (z, 2)|| 2, 0, following the uniform convergence results of kernel
density and regression estimators for mixing sequences, say [14]. In addition, the above as-
sumptions also ensure the uniform convergence of the density fo of the kernel estimator FO to
the true density function fy, which is required in establishing the consistency of the smoothed
regression bootstrap. If (X, Z) is of high dimensions we can also employ machine learning
methods that are adaptive to high dimensional features, such as the deep neural networks, to
estimate fo(x, z) and o¢(x, z), as long as their uniform convergence can be guaranteed.

The bootstrap procedure to approximate the distributions of {T'(¥¢ — 7o), \/T(B —Bo)}
is as follows.

Step I: First, generate {(X, Z;)}L_, independently from F(x, z) and {e}”_, indepen-
dently from G/(e), respectively. Then, generate Y;* = S 0_, (X7)" Bel{Z; € Ri(3°)} +
(X}, Z;)e; to obtain bootstrap resample {(Y;*, X[, Z;)}_,



SEGMENTED REGRESSION MODEL 13

Step 2: Compute the LSEs based on {(Y;*, X}, Z;)}L_,, where ﬁ* is the LSE for 3 and
{77 }¥, are the LSEs for 7o for a sufficiently large N. Let 4*¢ = Zfi 1 YE/N.
Step 3: Repeat the above two steps B times for a large positive integer B to obtain

~ ~ ~ B
{3:<}E_, and {B;}E_,. and use the empirical distribution of {T(ﬁgc — 5%, VT(B; — B) }
as an estimate of the distribution of {7 (¢ — ), ﬁ(,@ —Bo)}-

As in the original LS problem, the LSEs for - based on each bootstrap resample are
attained on a convex set G*. Therefore, in Step 2 we approximate the centroid of G* by the
average of N elements in G*. Denote the distribution of {7 (3¢ — o), VT (8 — Bo)} as Lt

~  ~\B
and the empirical distribution of {T(ﬁ;c -3, VT (B — ﬂ)}b s L7 p. The validity of
the smoothed regression bootstrap is established in the following theorem.

THEOREM 5.1.  Suppose that Assumptions 1-6 hold. Then p (L1 g, LT) 2 0as B,T —
o0, for any metric p that metrizes weak convergence of distributions.

The proof of the theorem is in Section D of the SM ([33]) by first establishing sufficient
conditions for a consistent bootstrap scheme for approximating L, followed by showing
that the smoothed regression bootstrap satisfies these conditions. With the above result, con-
fidence regions and hypothesis testings about vy and 3y can be readily conducted via the
empirical distribution of the smoothed bootstrap estimates L7 g.

REMARK 5.1. We exploit the parametric regression model in the bootstrap resampling,
under which the mixing-dependent structure of the observed data does not show up in the
asymptotic distributions as shown in Theorem 3.3. As discussed in [17], if one has a para-
metric model that reduces the data generating process to independence sampling, then the
parametric bootstrap has properties that are essentially the same as they are when the obser-
vations are independently distributed. Therefore, in the resampling procedure, the temporal
dependence of the original data is not necessary to be explicitly taken into account.

REMARK 5.2. In addition to the smoothed regression bootstrap, there are two alternative
methods which may be applicable for inference of . One is the block subsampling method
proposed by [26], which was adopted by [13] in the threshold autoregressive models. Another
is the nonparametric posterior confident interval approach based on the Markov Chain Monte
Carlo (MCMC) adopted by [35] for inference on the two-regime regression model. Whether
these methods work for the current four-regime segmented regression with fixed boundary
effects and dependent data are interesting future research topics.

6. Degenerated models and model selection. Model (2.1) assumes that there are four
segments divided by two boundary hyperplanes where the adjacent regimes have distinct re-
gression coefficients. However, it is possible that the underlying regimes are degenerated with
less than four regimes. In this section, we show that the LS estimator (3.2) attains desirable
convergence properties even in the degenerated cases, and propose a model selection method
for choosing the underlying model.

Given the data sample {(Y;, X, Z1 ¢, Zg,t)}le for Z1 4 € Z1 and Zy; € Z, there are five
possible degenerated models as follows in addition to the four regime model (2.1).

(a.1). Three-regime model with non-intersected splitting hyperplanes:

3

(6.1) Yi=>_ X;Brol{Zi € R(v0)} +et,
k=1
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where the two hyperplanes H; and H» have no intersection on Z; X Z5. Without loss of
generality, we suppose that 2719 < 25720 for all (21,22) € (Z1 X 2Z3). Then, Ri(v) =
{z: 21710 > 0}, Ra(v0) = {2 : 21710 < 0,23v20 > 0} and R3(v0) = {2 : 2320 < 0}. The
conventional multi-threshold models (e.g., [12] and [23]) correspond to this case.

(a.2). Three-regime regression model with intersected splitting hyperplanes:

3
(6.2) Yi=> X/ Brol(Zi € Ri(0) + &1,
k=1
where Ri(v0) = {2z : z/vj,0 > 0,270 > 0}, Ra(v0) = {2z : 2{vj0 > 0,270 < 0} and
R3(v0) = {z : 2jvj0 < 0} for i # j € {1,2}. Geometrically, one side of the hyperplane
Hj: z{~;0=01issplit by H; : z;v;0 = 0 that does not extend to the other side of H;.
(b.1). Two-regime regression model with one splitting hyperplane:

2

(6.3) Yi=> X[ Bl {Z: € Re(v0)} + &1,
k=1

where (z,7p) is either (21,710) or (2z2,720) and Ry(v9) = {2z : 29 > 0} and Ra(vo) =
{z : 2"+ < 0}, which are the same as the two-regime models of [22] and [35].
(b.2). Two-regime regression model with two splitting hyperplanes:

2

(6.4) Y=Y X/Brl{Z: € Ri(v0)} +e,
k=1

where Ri(v0) ={z: 2{v10 >0, 237920 > 0} and Ra{vo} = Z1 x 22\ Ri(70)-
(c¢). Global linear model:

(6.5) Y = X Bo + ¢4,
(A): four-regime (B): three-regime (a.1) (C): three-regime (a.2)
H; Ho| Hy H;y
Ry Ry Ry Ry
(_7+) (+7+) (_7+) (+7+)
H»y Rs | Ry | Ry Ho
(_7_ (_7+> (+7+)
R3 Ry R3
(777) (+9_) (7’7)U(+77)

(D): two-regime (b.1) (E): two-regime (b.2) (F): global model

H, H,
Ry
(+,+)
Ry Ry Hy
- | @ R =
(_7+)U(_7_)U(+’_)

Fig 1: Illustrations of segmented models with no more than four regimes. The signs of
(271, 2372) for each region are indicated below the region names.
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Figure 1 illustrates the segmented models with no more than four regimes, which can be
expressed in a unified form

Ko

(6.6) Y=Y X[ Brol{Z: € R(v0)} + &1,
k=1

where the number of regimes 1 < K < 4 and the number of splitting hyperplanes Lo < 2. In
particular, Ry (o) = 21 x 29 for the global linear model (K, = 1), the splitting coefficient
Yo =10 Or y20 When Lo =1, and v = (Y0:750)" when Lo = 2.

Let B={B;}{_, and G = {7; ?:1 be the LS estimators for the regression and the bound-
ary coefficients, respectively, obtained under the four-regime regression model (3.2). To mea-
sure the estimation accuracy of the four-regime algorithms for less than four regime models,
we need a distance of the true parameters of possibly degenerated models to the set of the LS
estimates under the four-regime model. To this end, we define a distance between a vector v
and a set of vectors V = {ﬁj}jzl as d(v,V) = min; [|[v — ¥;l2. The following theorem es-
tablishes the convergence of the LS estimators to the underlying parameters by showing that
the distance of the true parameters of the degenerated models to the set of the LSEs under the
four-regime model convergences to zero.

THEOREM 6.1. For Model (6.6) with K\ regimes and Lq splitting hyperplanes, where
1< Kog<4and 0 < Lg <2, under Assumption 1 and Assumptions S2-S4 in the SM
([33]), which adapt Assumptions 3—4 to the degenerate model seitings, then for each
Bro with 1 < k < Ko, d(Bro,B) = O,(1/VT). If Ly =1, then d(v,G) = O,(1/T). If
Lo = 2, then d('YiOyé\) = 0,(1/T) for each i =1 and 2. Moreover, for any of the degen-
erated models with Ky < 4 regimes, there exists an index set Q C {1,---,4} such that
P{Z € Rr(v0) & Uico, Ri(7)} = O(1/T) for each 1 < k < K.

The theorem shows that under each of the degenerated models, the estimated boundaries
and the regression coefficients obtained under (3.2) of the four-regime model are consistent
to the true parameters in the sense of the diminishing distance between the true parameters
and the sets of the estimates. A remaining issue is to identify the true number of regimes so
that more precise segmented regression can be conducted. In the following, we introduce a
model selection procedure to attain the purpose.

The last part of Theorem 6.1 suggests that each true regime Ry (7o) can either be consis-
tently estimated by some R;(7) if | Qx| = 1, which occurs when Ry (o) has two boundaries,
such as the first two regimes in Figure 1 (C), or there are some redundant estimated segments
in Ry (o), which happens if Ry (o) has a single boundary while an unnecessary estimated
hyperplane splits through Ry (). If the latter case is true, then | Q| > 1 and there exist two
adjacent estimated regimes R;(¥) and Ry (5) with i, h € Qj, whose corresponding B; and
B}, both consistently estimate (3. Under such a case, merging R;(7) with Ry () as one re-
gression regime will asymptotically not lead to an increased sum of squared residuals (SSR).
Otherwise, if the regression models on R; (%) and Ry, (%) are distinct, then merging these two
regimes will deteriorate the fitting performance. Such a property hints that the true model
with Ky < 4 can be selected via a backward elimination procedure.

Starting from the estimated four-regime model, we try recursively finding the best pairs
of adjacent regimes to be merged, under a criterion that the merging leads to the minimal
increase in the fitting errors, as defined in (6.7) below. Via conducting the optimal regime
merging recursively, we obtain four candidate regression models with the number of regimes
from K =4 to K = 1. In the second step, the optimal number of regimes K is selected
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based on a criterion function (6.8) that combines a goodness-of-fit measure and a penalty for
over-segmentation.
For the initial model with four regimes, define

T K

Sr() =Y [Yi— > X BV1{Z € RV}

t=1 k=1

to be the sum of square residual (SSR) of the estimated four-regime model. For K =4, 3,2,
recursively define

Dy (i, h)

Yi— > X{By1{Z, € R}

T T
= minZ[Yt - X,/B1{Z, € ﬁiék) U E;LK)}]Q _
pebi -1 k=ih

t

to be the increment in the SSR after merging }AﬁgK’ and ]:?;LK). Let A, be the pair of indices for
the adjacent segments of { R}’ }. We merge the segments Rém and R}LK) if
(6.7) (i, h) = argmin DY (i, h),

(i,h)EAK

followed by labeling the merged region and the remaining regions as {ﬁf*“}fgf, and we

~

denote the estimated regression coefficients to these K — 1 regimes by {,Bl(f‘”}fz_ll. Then,
define the SSR of the (K — 1)-segment submodel as

Sr(K —1) = Sp(K) + D (i, h).

After obtaining the S7(K) for K =2,3,4, we select the number of segments K as

(6.8) K =arg min{log(S T(K)) + %TK}

1<K <4 T

and output the estimated regimes and regression coefficients accordingly. The following the-
orem shows that the above selection algorithm has the model selection consistency.

THEOREM 6.2. Under the assumptions of Theorem 6.1, and A\p — oo, \p/T — 0 as
T — oo, then K selected in (6.8) satisfies P(K = Ko) — 1 as T — oo. In addition, P{ R}’ A\

Ri(%0)}=0(1/T) and ||,§,(f) — Broll = Op(l/\/f)forany ke{l,---,Ko}.

Theorem 6.2 indicates that with the probability approaching 1, the selected number of
regimes K coincides with the true number Ky, and as a by-product, the corresponding es-
timated regimes and the regression coefficients converge to their underlying counterparts. If
the regularization parameter is chosen as Ay = logT’, the (6.8) corresponds to the Bayesian
information criterion (BIC) [30].

REMARK 6.1. There are two existing approaches for carrying out the model selection
for the segmented models. One is by conducting pairwise linearity tests. Specifically, for
each adjacent regimes R;(v) and Ry (5) under the four-regime model, one can test for the
hypothesis Hy : B;0 = Bro via two-regime linearity tests, such as the score-type test of [35].
However, implementing such tests are computationally demanding, as the test statistics have
to be formulated via supremum or averaging over v € I, as -~y is not identifiable under the null
hypothesis of no splitting within R;(5) U Ry (%), which is known as the Davis problem [9].
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The other is the forward sequential fitting procedure for model selection of multi-threshold
regression models [12], which requires optimization for the splitting (boundary) coefficients
in each step. Compared with these two methods, the proposed model selection method has
two advantages. One is that it has quite readily computation without having to do the boot-
strap for the model selection; and the other is that we only need to estimate the splitting
coefficients for the initial four-segment model once and for all, as the submodels with fewer
regimes are selected via (6.7) without the need to conduct non-convex optimization as in the
forward sequential fitting procedure.

7. Simulation Study. In this section, we present results from simulation experiments
designed to investigate the performance of the proposed estimation and inference procedures
for the four-regime and the degenerated less than four regime models.

7.1. Estimation under the four-regime model. We first conducted simulations under the
four-regime model (2.1) such that the sample was generated according to

4

(7.1 Yi= ZXtTﬁko]lk(Zf,t’Ylo, Z3y0) +e, t=1,--- T,
k=1

where X; = (X7,1)" with Xy = (X1, X0, X34)" and Zj, = (Z7,,1)" with Z;, =
(Zj14,Zj2,.)" for j =1,2. The noises were generated as e; = (X, Z;)ey with o(Xy, Z;) =
1+0.1X ft + O.1Z12?17t and {e;}7]_; being generated independently from the standard nor-
mal distribution and independent of {X;, Z;}L ;. The regression coefficients of the four
regimes were 319 = (1,1,1,1)", 82 = (—3,-2,—1,0),830 = (0,1,3,—1)" and By =
(2,—1,0,2)", and the two boundary coefficients ;9 = (1,—1,0)" and ~0 = (1,1,0)", re-
spectively.

We considered three settings for X; and Z;;: independence, dependence with auto-
regressive (AR) and moving average (MA) models, respectively. Let V; = (XtT , vat, ZQT’t)T.
For the independence setting, we generated {Vt}tT:1 iLd. N(0,%y), where Xy = (05)i j=1,...
with 0 = 1 and o0;; = 0.1 if 7 # j. For the AR dependence, V; = ¢¥V;_1 + wu;, where
{u 3l B N(0,Xy) and the dependence level ¢ € {0.2,0.4,0.8}. For the MA sce-
nario, we generated V; = Yu;_1 + w;, where {u;}l_; i N(0,Xy) and % took val-
ues in {0.2,0.4,0.8}, respectively. The simulation experimented with four sample sizes:
{200, 400,800,1600}, and the experiments were repeated 500 times for each sample size
and dependence setting.

Table 1 reports the average Lo estimation errors under the three temporal settings (inde-
pendence, AR(1) and MA(1)) and different dependence levels (i) = 0.2,0.4,0.8) for 3 and
-, respectively. It suggests that under the three dependence settings the estimation errors of 5
and ,@ both decreased as the sample size 1" was increased, indicating the convergence of the
estimation in both the regression and the splitting boundary coefficients. The table also sug-
gests that the magnitudes of the estimation errors were comparable across the three temporal
settings with different dependence levels, which support the result of Theorem 3.3 that the
temporal dependence in { Xy, Z1 1, Z2+}# does not have leading order effects on the asymp-
totic variance of 3. Moreover, Table 1 shows that the simulated averages of llvo — 4|2 were

approximately halved once the sample size was doubled, while the reduction in ||3y — B |2
was much slower, confirming the faster convergence rates of 7.
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TABLE 1
Empirical average estimation errors ||vg — 9|2 and ||Bg — Bl|o (multiplied by 10), under the independence
(IND), auto-regressive (AR) and moving average (MA) settings with different dependence level i for
{X4, Zy ¢, Z27t};{:1. The numbers inside the parentheses are the standard errors of the simulated averages.

IND AR MA
T $=0 ¥ =02 Y=04 ¥=0.8 Y=0.2 Y=04 Yv=08
¥ B A~ B A~ B 7% B ¥ B A B A7 B
oo 094 668 092 666 088 643 088 59 093 663 09 649 085 6.4
059 (17) (058 (1.68) (0.6) (1.56) (0.61) (224) (0.56) (1.63) (0.54) (1.66) (0.52) (1.8)

045 455 045 455 045 44 043 398 044 446 043 438 043 4.06
0.3) (1.I) (0.3) (@1.11) (©0.27) (1.17) (0.29) (1.53) (0.28) (1) (0.33) (1.07) (0.28) (1.21)

800 025 311 024 309 022 297 022 264 023 311 025 303 022 281
(0.16) (0.66) (0.15) (0.66) (0.14) (0.66) (0.14) (0.96) (0.14) (0.66) (0.16) (0.65) (0.15) (0.72)

0.11 22 011 218 012 211 0.11 1.88 0.11 217 011 211 0.11 1.97
(0.07) (0.46) (0.07) (0.47) (0.08) (0.5 (0.07) (0.77) (0.07) (0.45) (0.07) (0.47) (0.07) (0.54)

400

1600

7.2. Estimation under models with less than four regimes. We next investigated the
performances of the proposed estimation based on the four-regime model when the un-
derlying model was degenerated with less than four regimes. The data generating pro-
cess for {Xy,Zi,, Z27t,€t}g‘:1 was largely the independence setting used in Section
7.1. For the three-regime model (6.1) with non-intersected splitting hyperplanes, we let
Y10 = (1,0, —l)T,’)/Q() = (1,0, 1)T and ,810 = (1, 1, 1, 1)T,620 = (—3, —2, —1, O)T,,Bg() =
(0,1,3,—1)". For the three-regime model (6.2) with intersected splitting hyperplanes, we
let v10 = (1,1,0)",v20 = (1,—1,0)" while Hjy does not extend to the positive side of
Hsg, and {,Bko}zzl were the same as above. The parameters for the two-regime model
(6.3) with one splitting hyperplane were set as o = (1,1,0)", B0 = (1,1,1,1)" and
B2 = (—3,—2,—1,0)". For the two-regime model (6.4) with two splitting hyperplanes,
we set the splitting coefficients as the same as the four-regime model (7.1), and Ry(7y) =
{z: 2{v10 > 0,257v20 > 0} and Ra(v0) = 21 X 22\ R1(70), where the regression coeffi-
cients are 319 = (1,1,1,1)" and B99 = (—3,—2,—1,0)", respectively. Finally, the regression
coefficients for the global linear model (6.5) were 3o = (1,1,1,1)".

The simulation results are reported in Tables S2 of Section H.2 in the SM ([33]).
They show that for all the models with less than four regimes, the empirical averages of
> d(io, G) and >k A(Bros g) all diminished to O at similar rates as those in Table 1, where
G and B are the sets of estimators obtained under the four-regime model for the splitting
and regression coefficients, respectively. These confirmed the results in Theorem 6.1. In ad-
dition, to evaluate the cost of not knowing the number of the underlying regimes, we also
estimated -~y and 3y in the oracle setting, in which the true model forms were known. It was
found that estimation errors of = under the four-regime model fitting were about the same
as that obtained under the oracle models, which was because the four-regime estimator can
efficiently use the data points located near the underlying boundaries as the oracle estimators
did. Moreover, as shown in Figures S2 and S3 of the SM ([33]), if the estimated four-regime
model produced redundant segments within a true regime, then the discrepancy between the
estimated regression coefficients on these redundant segments converged to 0, which verified
the idea used in the optimal merger strategy for the backward elimination procedure in the
model selection.

7.3. Model selection. We then conducted simulation experiments to examine the perfor-
mance of the proposed model selection method in Section 6. We considered the true number
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of regimes ranging from Ky = 4 to Ky = 1, where the parameters for the model with Ky =4
were the same as Model (7.1) and those for Ky = 3 and Ky = 2 were Model 6.1 and Model
6.3, respectively, in Section 7.2. More simulation results for Model (6.2) and Model (6.5)
(Kp =1) were reported in Table S3 of the SM.

TABLE 2
Empirical model selection results under 500 replications. The performances were evaluated by the average_
estimated number of regimes K, the discrepancy between the true regimes and the estimated regimes D(R, ”R)
and the Lo estimation error of regression coefficients D (13, B). The penalty parameter A was chosen in
{5,510g(T),5 log? (T')}. The numbers inside the parentheses are the standard errors of the simulated averages.

_ _ _ 2
Model T )\T =5 /\T =5 log(T) )\T =5 log (T)

kK  D®RR DBB K D®RR DBB K DRTR D®BB)

o 00 0.03 0.61 3.99 0.03 0.62 278 0.87 224

0.00)  (0.02) 0.12)  (0.08)  (0.04) 0.16)  (087)  (0.91) (1.05)

4.00 0.01 0.41 4.00 0.01 0.41 3.92 0.05 053

Model (2.1

(;’(;:( 4)) 400 000 001 0.08)  (0.00)  (0.01) 008)  (027)  (0.13) (0.43)
wo 400 0.01 0.29 4.00 0.01 0.29 4.00 0.01 0.29

0.00)  (0.00) 005  (0.00)  (0.00) 005  (0.00)  (0.00) (0.05)

oo 400 0.00 0.20 4.00 0.00 0.20 4.00 0.00 0.20

0.00)  (0.00) 0.04)  (0.00)  (0.00) 0.04)  (0.00)  (0.00) (0.04)

T 0.12 0.50 3.00 0.02 048 2385 0.13 0.75

0.50)  (0.11) ©.11)  (0.00)  (0.02) ©11) (038  (0.30) (0.69)

Model 61) 400 3% 0.10 034 3.00 0.01 033 3.00 0.01 033
Ko=) 049)  (0.11) 007  (0.00)  (0.01) 0.07)  (0.00)  (0.01) (0.07)
wo 33 0.08 0.23 3.00 0.01 022 3.00 0.01 022

047)  (0.11) 005  (0.00)  (0.00) 005  (0.00)  (0.00) (0.05)

o 33 0.08 0.16 3.00 0.00 0.16 3.00 0.00 0.16

047)  (0.11) 0.03)  (0.00)  (0.00) 0.03)  (0.00)  (0.00) (0.03)

o 338 0.14 035 2.03 0.01 030 2.00 0.01 030

059  (0.11) 0.10)  (0.17)  (0.01) 0.08)  (0.00)  (0.01) (0.08)

3.54 0.13 0.24 2,01 0.01 0.20 2.00 0.01 0.20

Model (6.3

(;((f:(m) 400 o5y oI 007)  (0.08)  (0.01) 005  (0.00)  (0.00) (0.05)
w0 353 0.12 0.16 2.00 0.00 0.14 2.00 0.00 0.14

0.53)  (0.11) 0.04)  (0.06)  (0.00) 0.04)  (0.00)  (0.00) (0.04)

o 350 0.13 0.12 2.00 0.00 0.10 2.00 0.00 0.10

055  (0.12) 0.03)  (0.00)  (0.00) 0.03)  (0.00)  (0.00) (0.03)

Table 2 reports three model selection performance measures for the simulation, namely (i)

the estimated number of regimes K, (ii) the discrepancy between the true regimes and the
estimated regimes measured by

E min

T
B0 T 11{Zi € Ri(v0)} — 1{Ze € Rn()} ¢ .

t=1

where R = { Ry, (~y ) 0, and R = {Rk( )}f 1» and (iii) the Lo estimation error of regression

coefficients, quantified by D(B, B) = ,If"l min, ., % [|Bro — B ||. To evaluate the impact

of the penalty parameter Ay in (6.8), we presented the results under three different choices:
A = 5,5log(T) and 5log*(T).
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Table 2 shows that, for the constant penalty Ar = 5, although the estimated number of
regimes K was consistent under Ky =4, it tended to select overly segmented models when
Ko < 4. Both A = 5log(T) and 5log?(T) led to consistent estimated K for all models,
which confirmed the assertion in Theorem 6.2 that Ay satisfying Ay — oo and Ap/T — 0
leads to model selection consistency. It was also noted that while the last two penalties were
consistent, for smaller sample sizes, the selection performance with Ay = 5log(T") was su-
perior to that with Apx =5 log2(T) when K > 3, while the latter penalty had better selection
accuracy when K < 2. Such a phenomenon may be understood since a larger penalty tends
to encourage under-segmentations. In addition, both D(R, 73) and D (B, l?) diminished to 0
when K was correctly selected, indicating that the model specification procedure was able
to not only consistently identify K, but also led to consistent estimates of regimes and the
corresponding regression coefficients, as shown in Theorem 6.2.

7.4. Smoothed regression bootstrap. 'We now report simulation results designed to eval-
uate the empirical performance of the smoothed regression bootstrap.

The data generating model for {Y;, X+, Z1 4, Zgyt}thl was the same as the independent set-
ting in Section 7.1, but (X, ZlT’t, ZNQT’t)T was truncated over a 7-dimensional region [—2, 2]”
to ensure the distribution of the covariates was compactly supported as required in Assump-
tion 6. The product Gaussian kernel was used as the kernel function with the smoothing
bandwidths h; and b; (i = 1,2) for Fy(x, z) and 6%(x, z) were chosen by the cross-validation
method ([10]). As a comparison, we also conducted the wild bootstrap procedure ([24]),
which is a commonly used bootstrap method in regression. Different from the smoothed
regression bootstrap, the wild bootstrap does not resample the covariates and the resampled
residuals €} = d}&;, where &; was the estimated residual and d; followed a two-point distribu-
tion. Both the smoothed regression bootstrap and the wild bootstrap were based on B = 500
resamples for each simulation run. As there are infinitely many solutions for 4 from the
MIQP algorithm, for each bootstrap resample, we outputted /N = 100 solutions for the LSE
of o and used their average as ;.

TABLE 3
Empirical coverage probabilities and widths (x 100 in parentheses) of the 95% confidence intervals for five
projected parameters {’?T di}?zl obtained with the smoothed regression bootstrap (Smooth) and the wild
bootstrap (Wild) based on 500 resamples.

dy dy ds dy d;

T

Smooth  Wild Smooth  Wild Smooth  Wild Smooth Wild Smooth  Wild

200 0.92 0.87 0.97 0.87 0.93 0.90 0.93 0.83 0.96 0.86
(6.76) (3.57) (6.91) 3.91) (5.78) 4.02) (6.20) (3.44) (6.86) (3.56)

400 0.95 0.86 0.94 0.83 0.97 0.86 0.94 0.88 0.97 0.85
(3.31) (1.69) (3.57) (1.89) (2.56) (1.94) (3.37) (1.73) (3.69) (1.75)

200 0.93 0.85 0.96 0.87 0.94 0.88 0.96 0.88 0.96 0.87
(1.70) (0.83) (1.76) (0.99) (1.68) (1.00) (1.72) (0.86) (1.80) (0.76)

1600 0.95 0.83 0.94 0.88 0.95 0.90 0.96 0.84 0.94 0.85

(0.81)  (0.40) (0.86) (0.51) (0.89) (0.53) (0.85) (0.41) (0.79) (0.42)

To evaluate the quality of the two bootstrap schemes, we constructed 95% confidence in-
tervals (CIs) for 0 = (71 19,7 1,20)" = (—1,0,1,0)" projected on five directions {d;}}_,
whered; =e;fori=1,...,4and ds = Z;lzl di/Q, and e; = (61‘1, e ,ei4)T with e;; = 1 and
e;j = 0if j # i. Table 3 reports the coverage probabilities and widths of the nominal 95% CIs
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for 75 d; based on the smoothed regression bootstrap and the wild bootstrap, respectively. It
is shown that the smoothed regression bootstrap had satisfactory coverage as its empirical
coverage levels were quite close to the nominal 95% level under large sample sizes for all the
five projection directions. This verified the consistency of the proposed bootstrap procedure
in Theorem 5.1. On the other hand, the wild bootstrap had substantial under-coverage, and
its coverage was not improved with the increases of the sample sizes. The comparison be-
tween the two bootstrap schemes reveals that for the inference of -y, it is crucial to conduct
resampling from a smoothed distribution, as advocated in Section 5.

8. Case Study. Air quality is naturally affected by meteorological regimes as the lat-
ter defines the atmospheric dispersion conditions. We demonstrate here that the four-regime
regression model is well suited for PM» 5 modeling in Beijing.

We considered hourly PMs 5 data from Wanshouxigong site in central Beijing with the
meteorological data from the nearest weather observation site being used. The study period
was from December 1, 2018 to November 30, 2019, which encompassed four seasons. The
meteorological data included the air temperature (TEMP), dew point temperature (DEWP),
surface air pressure (PRES), the cumulative wind speed (IWS) at a direction and wind di-
rection (WD). Cumulative rainfall (RAIN) was included in summer, however not in the other
three seasons due to a lack of it. The categorical wind direction (WD) took five values: North-
westerly (NW), Northeasterly (NE), Southwesterly (SW), Southeasterly (SE) and calm and
variable (CV). We also used the boundary layer height (BLH), which defines the vertical dis-
persion property, from European Centre for Medium-Range Weather Forecasts (ECMWF).

To investigate the in-sample and out-of-sample performances, the data were divided to the
training and testing sets, where the testing sets consisted of the data from the 11-th to the
20-th days of a month and the training sets included the rest of the data in the month. PMj 5
was regressed on covariates TEMP, DEWP, PRES, log(BLH), IWS, WD as well as the PMj 5
at the previous hour (Lag PMs 5). For the wind direction, NW, NE, SW and SE were set as
dummy covariates with the CV as the baseline.

Along with the proposed four-regime model (4-REG), the global linear regression (GLR),
the two-regime model (2-REG) [22] and [35], the linear regression tree (LRT) ([37]) and the
multivariate adaptive regression splines (MARS) [11] were also considered. For 2-REG and
4-REG, the splitting boundaries were determined by TEMP, DEWP, log(BLH), IWS, and
the four wind directions NE, NW, SE and SW with the coefficients standardized so that the
intercept term being 1.

Fig 2: Mean squared errors (MSE) for PM3 5 on the training (red) and testing (green) sets for each sea-
son of five models, including global linear regression (GLR), two-regime model (2-REG), four-regime
model (4-REQG), linear regression tree (LRT) and multivariate adaptive regression splines (MARS),
with model ranks (in increasing order of the MSEs) marked on top of the bars.
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Figure 2 summarizes the in-sample and out-of-sample MSEs of these models in each sea-
son. Within the training sets, LRT or MARS achieved the lowest MSE among the five models
with the average rank being 1.75 and 2, respectively. Here, rank 1 indicates the best perfor-
mance. The average rank of the 4-REG in the training groups was 2.5, while those of the
2-REG and GLR ranked the lowest in all seasons. However, LRT and MARS had the highest
prediction MSEs on the testing sets, even worse than the benchmark GLR for all seasons,
indicating they were severely over-fitted. The segmented linear models, 4-REG and 2-REG,
were the best two in terms of out-of-sample performances, with the 4-REG achieving the
lowest predictive errors consistently in all seasons.

The estimated 4-regimes models in the spring, summer and fall seasons all had three
regimes, as the fourth estimated regime had zero sample size in the three seasons. A fur-
ther examination suggested that the two estimated boundaries had no intersections over the
sample regions, which corresponded to Model (6.1) and reflected the fact that the proposed
LS criterion based on the four-regime model may be able to produce a three-regime model
if the latter offers better fit. The winter had four estimated regimes. The estimated regression
coefficients and their 95% confidence intervals are given in Figure S4 of the SM ([33]).

TABLE 4
Estimated coefficients of the splitting boundaries and cos of the angle ¢ between the two boundaries. The
coefficients were normalized such that the coefficients of the intercept terms were 1. All the covariates were
standardized such that their sample means were 0 and standard deviations were 1 in each season.

Season | v | TEMP DEWP IWS log(BLH) NE NW SE SW | cos¢
o 1| 13 25 00 04 09 03 01 00 | ,.
Prng 1o 1 04 05  -0.1 0.1 06 06 01 03|
Summer | L | 10 55  -129 0.0 127 <150 89 90|
2| 04 02 02 0.0 07 07 -07 07"
1| 07 10 03 0.1 05 00 03 00
Fall 2| -05 16  -1.0 0.0 01 1.6 -13 -01 | 96
. 1| 02 05 06 02 02 04 04 -04
Winter | 5 | 0 0.6 0.2 0.4 12 14 03 10| "%

Table 4 reports the estimated coefficients of the two splitting boundaries for each season as
well as the cosine of the dihedral angle (denoted as ¢) between the two boundary hyperplanes.
It can be seen that cos ¢ for the first three seasons were relatively larger than that in winter,
which explains why the boundary hyperplanes of these three seasons were non-intersected.
Table 4 indicates that the DEWP and the wind-related variables were the most influential in
determining the slopes of the estimated boundaries due to their absolute coefficient values as
the «v was normalized. This reveals an attraction of the proposed regime-splitting mechanism
in that the splitting boundaries are determined empirically by multivariate covariates, which
contrasts to the threshold regression where the boundary variable has to be user-specified.

Figure 3 displays summary statistics of PM3 5 and the meteorological variables under the
three regimes in the spring and fall seasons, as well as the rose plots for the wind direc-
tions and the average integrated wind speed (IWS). It shows that the segmented regression
picked up three meteorological regimes on PMs 5 where Regime 1 corresponded to the pol-
lution state with high DEWP and high proportion of Calm and Variable wind (CV) which are
known to encourage the secondary generation of PM2.5 and unfavorable static atmospheric
diffusion, Regime 2 was a transitional state between the clean and high pollution states with
reduced DEWP and CV, and Regime 3 was a cleaning state dominated by the northerly wind
which brought cleaner and cooler air from the north. Results of the other two seasons and
analysis are provided in Figure S5 of the SM.
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Fig 3: Bar and rose plots for key variables under each estimated regimes in spring and fall 2019. The
height of the bars indicate the sample means with imposed line segments indicating twice of the sample
deviations above and below the means. The rose plots display the distribution of wind directions (width
of angles) and average speed (length of radius). Sample sizes of each regime is reported in the subtitle.
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9. Discussion. This paper develops a statistical inference approach for four-regimes seg-
mented linear models, which broadens the scope of the two-regime models of [22] and [35],
and can attains valid inference for degenerated models with less than four regimes. The pro-
posed segmented model is shown to produce better in-sample and out-sample results for the
air quality data in Beijing and produced regime-splitting results which had clear atmospheric

physics interpretation.

There are two possible extensions which may be considered in future research. One is to
allow endogeneity which may be encountered in economic and social behavior applications.
If X; is endogenous and Z; is exogenous, 3y and vy can be consistently estimated with in-
strument variables V; and the two-stage least squares estimation (2SLS) by first regressing
X; on V,, and then using the fitted X, to substitute X in the four-regime model. The LS
estimation via the MIQP and the inference methods for the four-regime model presented in
this paper is still applicable. However, the 2SLS is no longer working if Z; is endogenous
as discussed in [36], who proposed a conditioning and re-centering approach which might
be extended to the four-regime model. Specifically, let g(X;, Z;) = X7 B0 + E(e| Xy, Zy),
0xo = Bro — Pio for k # 1, and e, = e, — E(e4| X, Z;), then Model (2.1) can be written as
Y =9(Xy, Zy) + 22:1 X[ 6101{Z; € Rr(v0)} + es, which is a partially linear segmented
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model, where =y is identifiable without instrument variables. However, the integrated differ-
ence kernel estimator used in [36] was designed for univariate threshold, and it is interesting
to see how it can be extended to multivariate ~y. Alternatively, one may consider estimating
7o via the mixed integer programming with the nonlinear E(g,| X, Z;) part approximated via
sieve functions. How to solve these issues in the context of the four-regime model requires
further investigation.

Another extension is for segmented models with L > 2 splitting hyperplanes. In general,
the L splitting hyperplanes in R? can lead to as many as K = Z?l:lg(L’d) (1) segments, as
shown in Section G of the SM ([33]). It is clear that the investigations in this study for the two
boundary case provide vital understanding to the general cases. For example, if we consider
an extension to the case of having three hyperplanes in R, we can fit a segmented model

with K = 2?28(3’0[) (?) regimes by the least squares estimation, whose criterion function
would have the same form as (3.1). The backward selection procedure in Section 6 can be
employed to specify the optimal number of regimes, and the smoothed regression bootstrap
is still able to facilitate the inference for ~y and 3y. Furthermore, the proof for the asymp-
totic distributions of the least squares estimators can be modified to suit the more general
segmented models. The main challenge for the general cases is the complicated model form
and demanding computation costs caused by the increase of L, requiring efforts in further
studies. On the other hand, as K, grows exponentially with respect to L if d > L and poly-
nomially if d < L, there would be little need to consider segmented models with large L and
d as the nonparametric local models (regression trees, etc) may be better suited.
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SUPPLEMENTARY MATERIAL

Supplement to “Statistical Inference on Four-Regime Segmented Regression Models”
In the supplementary material, we present technical details, proofs and additional results of
the simulations and the case study.
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Notations. Throughout the supplementary material, we use ¢y, ca,Cq,Co, - -+ to denote
generic finite positive constants, which may differ from line to line. We use 1(.A) as the in-

dicator function of an event A. For any vector v = (v1,--- ,vq)", let ||| = (320, v2)1/2
be its Lo-norm. For any r > 0, we define N (vg;7) = {v: ||[v — vg|| < r}. Denote by v_q
as the sub-vector of v excluding its first element, i.e., v_1 = (ve, - ,vy)". For any two

sets A, B, we let A\ B = AN B¢ where B¢ is the complement of B, and A A B =
(A\ B)U(B\ A). The empirical measure Er(-) denotes the sample average of a sequence
of random elements with T' observations, i.e., Ep(X;) = 71 23:1 X:. We also denote

Gr(-) = VT{Ep(-) —E(-)}.

For the four-regime regression model

4
Yi=> X[Bl{Zi € Re(v)} + e,
k=1

we define the indicator functions for the ¢-th observation on the k-th regions as
1§9(y) == 1{Z; € Ry(y)} for k € {1, -+ ,4};
and for [ =1 and 2, let
Li4(y) :=1(Z] vy >0) and 1y4(7v,7):=1(Zy <0< Z7). (D

Foreach 1 <k <4, that z = (21, 22) € Ry (y) or not depends on the signs of 2]~ and z5~s.
As results, foreach { =1 and 2 and 1 < k < 4, we denote

sl(k) =sign (z{y), for (z1,22) € Rp(7y), 2)

1
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2 A AUXILIARY LEMMAS

for each [ € {1,2} and k € {1,---,4}, which is well-defined since any z € Ry (y) has the
1 _ (1) 2 _

same sign (2"+y;). Specifically, in the four-regime model, we have s7’ =s;’ =1;5," =
-1, 322) =1; 353) = s§3) =—1;and s§4) =1, 554) = —1. We now define the pairs of adjacent
sub-regions. For the [-th splitting hyperplane, we let

S(l) = {(j, k): s £s®) and s@ = s® if i z} , 3)

that is, {2y, =0} is the only splitting hyperplane that R;(~) and Rj(-y) are on opposite
directions of it. Specifically, in the four-regime model, S(1) = {(1,2),(3,4),(2,1),(4,3)}
and S(2) ={(1,4),(2,3),(4,1),(3,2)}. Let

4
m(Wi,0) ={Y; = >_ X;Bli( 27,71, Z3,72) .
k=1

We denote by Mp(0) = Ep {m(W,0)} and M(0) = E {m(W,0)} for any 8 € O.

APPENDIX A: AUXILIARY LEMMAS

In this section, we provide some useful lemmas that will be constantly used in the proofs
of main results.

A.1l. Lemmas for moment inequalities and empirical processes. The following
lemma establishes a uniform law of large numbers for the segmented linear models with
an a-mixing sequence of observations.

LEMMA A.1 (Glivenko-Cantelli). Let v = (7{,v3)" € Hl2:1 Iy. Let Uy = U(Wy) be a
function of Wy with sup, E||U¢||* < oc. Then under the a-mixing condition in Assumption 1,
foreach k€ {1,--- 4} we have

%gp ) |Er {Uil {Z; € Re(v)}} — E{U:1{Z; € Ri(v)}}| = 0p(1).
Yelliz: h

REMARK A.1. In this lemma, the geometric decaying rate of the a-mixing coefficient in
. . . . _2
Assumption 1 can be relaxed as a polynomial rate satisfying > 7%, a()' ™+ < oo for some
r> 2.

PROOF. Let F; = {z;: 2]y <0,v € I';}. By Example 2.6.1 of van der Vaart and Wellner
(1996) we know that the VC-dimension of F; is VC(F;) = d;, where d; is the dimension of z;
for I =1 and 2. Let Ry = {Ry.(7),v € [17_, T1}. Then, Ry, consists of intersection of sets in
{Fi,1 € {1,2}} or their complements. Then, according to Lemma 2.6.17 of van der Vaart and
Wellner (1996), Ry, is a VC-class which can pick out at most O(nE?:1 dl_2) subsets of any
given set {x;}I ; for x; € REi=1dr, Hence, by Lemma 2.6.18 of van der Vaart and Wellner
(1996), the function class G, = {g(u, z) = ul(z € R), R € Ry} is a VC-subgraph function
class, which implies that G, has a finite uniform covering numbers.

For any fixed v € Hl2:1 T';, by the ergodic thoeorem for the a-mixing processes (see Theo-
rem 10.2.1 of Doob, 1953), we have [Ex {U;1{Z; € Ri(v)}} —E{U:1{Z; € Rr.(v)}}| =
0p(1) for each k € [4]. Because the covering number of Gy, is finite, using the same argu-
ments as in Theorem 2.4.1 of van der Vaart and Wellner (1996), the uniform weak law of
large numbers is established. O

The next lemma provides useful moment inequalities about perturbations of ~g around its
neighborhoods.
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LEMMA A.2.  Suppose that U is a random variable that satisfies My < E(U|Z;~v =0) <
M, almost surely with some constants My, My > 0 for any ¢ € {1,2}, where v € N (~40; )
for some 6 > 0.

(i) Under Assumption 3.(ii), there exist constants c1,01 > 0, such that if 1,72 €
N(‘)’go; 01), then

E{U[Le(y1) = Le(v2)[} < callm —ell- (A.D)

(ii) Under Assumption 4.(i), there exist constants ca,09 > 0, such that if 1,72 €
N (703 92), then

E{UL(Z; € R) [1e(ve0) — Le(ve) |} > eallveo — el|- (A.2)

where R = Ry(70) U Ry (o) with (k,h) € S({).
(iii) Under Assumption 4.(iii), there exist constants cs,03 > 0, such that if v1,7v2 €
N (7103 93) and 3,1 € N (v20;93), then

E{U [11(71) — Li(v2)l [T2(v3) — La(va)[} < esllvn — vellllvs — ~all- (A.3)

PROOF. (i) Let 6; = min(d, dp), where d¢ is specified in Assumption 3 (ii) and 0 is in
the assumption of Lemma A.2 (i). Denote N1y = N (7¢0; 01). Since for any ~1,~2 € Ny, the
event |1,(~1) — L(2)| > 0 implies that there exists y3 = Ay1 + (1 — A\)y2 with A € (0,1)
such that Z/~3 =0, we have

E{U [1e(71) — Le(72)[} <Egz, { sup E(U|Z;v3=0)|1¢(71) - 114(72)|}
Y3EN 1,
S ME ([Te(y1) — Le(y2)]) < cr My — 72l

where the last inequality is due to Assumption 3.(ii), which verifies (A.1).

(ii) For each £ =1 and 2, let Noy = N (p0; ). Let Mg be a positive constant such that
Pr=P(Z;, € Ag) > 0, where Ar = {||Z/|| < Mg, Zy € R}. Then, for any v, € Noy, we
have

E{UL(Z; € R) |1o(ve) — Le(e0)|}
=Ez,[E(U|Z){|1s(ve) — Le(ve0)| 1(Z; € R)}]

>Ez, [Vgigjffng(U\ZeT% = 0){|Le(ve) — Le(ve0)| 1(Ze € R)}]

=>MoE{[Le(ve) — Le(veo)| 1(Ze € R)

>MoE {[Le(ve) — Le(ve0) | L(|| Ze|| < MR, Zo € R)}

=MoEA{1(|qe| <|Z; Ave)L([| Zc|| < MR, Zo € R)}

=MoPrE{1(|qe| <|Z;Ave|) | Z¢ € AR}, (A4)

where A~y = v, — vgo. Take 03 = min(d2 /Mg, d), where s is specified in Assumption 4.(i).
Then, for any -y, € N (v; d2), we have | Z} A~,| < d5. Since the first elements of -y, and 7,
are 1, Z; Ay, = ZEI’ZA’)’_M. Hence, by Assumption 4.(i),

E{1(lq| < 12", jAv-1,4])|Ze € AR}
>0 (1221 (Av-1.l | Zo € AR)

>col| Avy_1,]| | iﬂﬁ E (1271 ;v-1l | Zo € Ag)
Y-1ll=
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=col|ve0 — el lhinﬁ_lE (127 y-1l| Zo € Ar) . (A.5)

We next show that inf, -1 E (|ZE1 -1l Z, EAR> > 0. If otherwise, there exists

some -, such that ||y_;.|| =1 and E(\Zfl =14 Z_MG.AR) = 0. This means
that P(|Z", ,v—1+| = 0|Z; € Ar) = 1, which further implies that P(|Z",,v_1 ] =0) >
P(|Z*, /v—1+| =0|Z; € Ar)P(Z; € ARr) = Pr, and contradicts with Assumption 3.(ii).
Therefore, it must hold that

| inﬁ IE(yZELm_ly | Zy € Ag) > 0. (A.6)
Y-1ll=
Combining (A.4)—(A.6) completes the proof of Part (ii) of Lemma A.2.

(iii) It follows from similar arguments as in (i) and thus is omitted. ]

The following moment inequalities are for partial sums, built upon Lemma A.2 and
Rosenthal-type moment inequalities for mixing sequences provided in Peligrad (1982).

LEMMA A.3 (Moment inequalities). Let Uy = U(W}) be a function of W,. Under As-
sumptions 1.(i), 3.(ii) and 4.(iii), and suppose that SUD~cpr(,0:6,) E(|U|* | Z\y=0)<M
for almost surely Z; for each | =1 and 2, where 01 and M are positive constants. Then,
there exist constants c1,co > 0 such that for each | € {1,2}, if v1,7v2 € N (70;01), then

E|Gr [Us {11:(v1) — Lie(vo) HI* < ety — 72l (A.7)
and if v1,v2 € N (710;01) and ~3,v1 € N (v20; 01), then

E|Gr [U; {T14(71) = T1e(72)} {Tax(73) — Los(ya) HI* < callyn — 72?3 — 4l
(A.8)

PROOF. Denote by Us{1; (1) — 1;4(72)} = Uy(71,72)- Then according to Lemma 3.6
of Peligrad (1982), there is a constant C' > 0 such that

4
E

T
> AU(y1,72) = EUi(71,72)}
t=1

<C (T2Telm72) I3+ TTelvr, ) 1)
which implies that
4 7 212
| <2CE{Di(m, 7))
=2C{E(U [Le(m) — Lia(32))))’
<C'lm — 7l (A.9)

E|Gr{Th(v1,72)}

for some constant C’ > 0, where the last inequality is from (A.1) in Lemma A.2. Therefore,
(A.7) is verified. Similarly, (A.8) can be shown by using Lemma 3.6 of Peligrad (1982) and
the moment inequality (A.3). O

The next lemma is a maximal inequality for empirical processes with regime indicators
under the a-mixing condition.
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LEMMA A.4 (Maximal inequalities). Suppose that the conditions in Lemma A.3 hold.
Then there exist constants c1,ca > 0 such that for any A and € > 0, it holds that

c
P sup IG7 [Ug {114(71) = L1e(v2)}| > A p < )\—1252, forl=1,2 and (A.10)
Y1,72EN (Y103€)

C
P sup IGr [Ue {T1,6(71) = Lue(v2) FH{L2,e(v3) — Log(va) | > A p < /\%54~
‘717726/\[(710;5)
737746/\/(’720;5)

(A.11)

PROOF. The first part (A.10) follows similar arguments as that in proof of Lemma I.1 of
Lee et al. (2021). We now show (A.11) by adapting the proof of Lemma 1.1 of Lee et al.
(2021), which mainly employed Theorem 1 of Bickel and Wichura (1971).

First, by applying (A.8) of Lemma A.3, we know that for some § > 0 and any 'yj,')/;» €

N (7j0;0) and any i, € N (ko3 9),

E|Gr {Us [150(7) — Lie(Y)| Lt () = Lo (vi) |} < Cullg — V12 I — el

(A.12)
for some constant C1 > 0. Let vo = (Yo, Yxo) "> ¥ = (7], v;)" and
Jr(v) = Gr {U[1;(v;) — L (vio)| [Lre(ve) — Lt (vro) |} - (A.13)
By equation (1) of Bickel and Wichura (1971),
sup  |Jr(y)| <d- M" +]Jr(F)], (A.14)
Yillv=oll<e

where d = d; + dj, and v = vy + €1 is the elementwise increment of «y by a positive con-
stant ¢, and the supremum is taken over a hyper-cube {7y :0 <~; — ;0 <¢€,i € [d]}, and the
precise definition and an upper bound of M" are referred to Bickel and Wichura (1971). It
is sufficient to show that each of M" and Jp () satisfies the conclusion of the lemma since
|a| + |b| > 2¢ implies either |a| > c or |b] > c.

To apply Theorem 1 of Bickel and Wichura (1971), we need to consider the increment
of the process Jr around a block in the tube 7. = {7 : || — 0|l < ¢}. For a block B =

(v1,72] = (M11,721] X -+ X (Y14, Y2d] in the tube T} , let

Jr(B) = Z Z (=) PR g (g + k(a1 —711), 0+, vd + k(24 — Y1a))
k1:0,1 kd=0,1

= Z Z (1) R L (i1, ma + ka(y22 — 12) -+ s 71d + ka(y2d — 714))
k2:0,1 k‘d:O,l

—Jr (y21,712 + k2 (22 — Y12) - -+ Y1 + Ka(Y2d — M1d)) } -

It follows from the C.-inequality that there exists some positive constants C'y and C'3 such
that

E[Jr(B)[*<Cop Y - Y E{|Jr (v1, vz + k(22 — y12) -+ s v1d + ka(Y2d — 11a))
ka=0,1  ky=0,1

— Jr (y21, M2 + k2(Y22 — Y12) -+, Y1 + ka(Y2d — 714)) [*}- (A.15)



6 A AUXILIARY LEMMAS

Let v1(¥) = (711,%™)" and ~2(¢) = (721,%™)", which are identical except for the first
element, such that |4 —~v_1 o|| <e. Then, (A.15) implies that

ElJr(B)[*<Cs  sup  ElJr{vi(¥)} — Jr {v(¥)}* (A.16)
PEN (v-1,05¢)

for some positive constant Cs. Let 1, be the last dj, elements 1, and let ~1, (1) and 2 (¢)
be the vectors of the first d; elements of -y (¢p) and ~2()), respectively. Then, note that for
any 1), by the triangle inequality,

(@)} = Jr (@)
< |G {100 10315 08)) — Ly D [Lea i) ~ Tl }[ - a1

Since [[v1,j() — ¥2,5(1)|| < [711 — 21| and [|3hy — yroll < & for any [[p — ol < e, it
follows from (A.12), (A.16), and (A.17) that there exists some poistive constant C'y such that

E|Jr(B)P < Cylyi1 —y21)* €2 < Cs |yt — v,

where C5 > Cye/ |11 — 721|- Now, without loss of generality, we can assume that u(B) >
Cs |y — 721|d, where p denotes the Legesque measure in R<, since we can derive the
same bound by choosing the smallest side length of B as |y11 — 721|. This implies that
E ]JT(B)\4 < Cs {u(B)}ﬁ for any block B C T.. Therefore, we can take v; = v = 2 and
B1=p02= % in the equation (3) of Bickel and Wichura (1971), implying that their equation
(2) holds with v =4 and § = %. Since u(T:) = e, by Theorem 1 of Bickel and Wichura
(1971), we conclude that for any A,

Cs
P(M" > \) < Fe‘*, (A.18)
for some positive constant Cg. Furthermore, by the Markov inequality and the moment bound
in (A.12), there exists some positive constant C'; such that

P{Jr(7) > A} < %54. (A.19)

Therefore, (A.11) is proved by combining (A.14), (A.18), and (A.19). This completes the
proof of Lemma A.4. O

LEMMA A.5. Suppose that the conditions in Lemma A.3 hold. Then we have

H suﬁ>< VTEL {Us|114(7) — Li4(v10) |} = 0,(1), forl=1,2 and (A.20)
Yi—Yo|| ST

sup  TEr{U[L1e(v1) — Lie(vio)| [L2(v2) — L2t(v20)[} = 0p(1).  (A21)

71—l ST~
lva—y20 | ST

PROOF. Foreach =1 and 2, letting ¢ = ¢T"~! in (A.10) for some constant ¢ > 0 implies
that

sup  VT(Er — B) {Us [L1(m) — Lialmo)|} = 0, (7).
v =0l ST

for p € (4,4 + ) with § specified in Lemma A.3. According to (A.1) in Lemma A.2,

sup \/TE{Ut |]ll,t('7l) - ]ll,t('YIO)‘} =0 (Tﬁl) :
lvi=Yeo | ST
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Combining the above two equalities leads to (A.20). Similarly, letting e = ¢! in (A.11) for
some constant ¢ > 0 implies that

sup_ VT(Er = B) {U [T14(m) = L1 (m0) [ 12,4(72) = Do (v20)[} = Oy (T 7).
lvr =10l ST
lv2a—y20 | ST

According to (A.2) in Lemma A.2 we have

sup  E{U[L14(71) — L1a(vi0)| [L22(v2) — Toe(v20)|} = Op (T72) .
v =0l ST
lv2a—~20 | ST~

Combining the above two equations leads to (A.21). O

LEMMA A.6. Under the conditions of Lemma A.3, for any constatnts \,c1,ca > 0 and
j#ke{l,---,4}, we have

s A= B) (Ut o) - My -l f =01 @2

PROOF. The event that j # k can be classed into two cases: (i) (j,k) € S(i) for i =1 or
2; and (ii) (j, k) ¢ S(i) for both ¢ = 1 and 2.

Case (i): (j, k) € S(i) for i € {1,2}. Without loss of generality, we take j = 1,k =2 to
illustrate. Note that

1 2 T T T T
157 (y0) 17 () =1(Z{ 71 <0 < Z§ m10)1(Z5 1720 > 0, Z5,72 > 0)
=1(Z{ ;v <0< Z{;710) {]I(ZQT,t')QO >0) = 1(Z3,72 <0< Z2T,t')’20)} )
which implies that
Bz —B) {1 (ro)1? () }| < | Bz — B) { G0 2T m <0< 2 m0) }|
+ |(Er = E) {U(ZT 71 <0< ZTm0)1(Z3v2 <0< Zgy20) | = Lr () + Lo (), say,
where U, = U, 1 (ZQTﬂzo > 0). Define the “shells”

Srj={v:e T <y =l <alG+DT'}.
Then, for any M > 0, we have

P sup T{hr(y) = Ally —oll/2t > M
T-1<]ly=voll<e2

<> P{yesr|Br—B) {T(ZT,m <0< Zimo) }| > MT ™ + Ally = v/2}
j=1
<3P {7 € Sr.|Er —E) {Utn(zim <0< Zf,tfm)}‘ > (M + clj)\/2)T’1}
7j=1
C3 j + 1 1
= Z e cm/z =0 <M4> , (A23)

Where the last inequality is by invoking (A.10) in Lemma A.4. Via the similar argument, we
obtain

P( sup T{IQ,T(’Y)—)\H’Y—70H/2}>M>=O<1)- (A24)

2014
aT= < |ly—oll<ce =M
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This together with (A.23) verifies (A.22).
Case (ii): (4, k) ¢ S(7) for either ¢ = 1 or 2. Without loss of generality, we take j =1,k =3
to illustrate. Then

1Y (v0) 1 () =1(Z7 71 <0< 27 m0)1(Z5 72 < 0 < Z3 y20).- (A25)

Therefore, ‘(IET —E) {Ut]lgl)('yo)]lgs) (7)}’ = I5(vy) and the result follows from (A.24).
Combining the two cases completes the proof for the lemma. O

A.2. Lemmas for Poisson point processes. We first introduce some basic notations for
the point measures and point processes following the definitions in Resnick (2008).

DEFINITION A.2 (Point measures). Suppose that E' is a locally compact space with a
countable basis whose Borel o-algebra of subsets is £. A point process on FE is a measure
m of the following form: for {x;,7 > 1}, which is a countable collection of points of F, and
any Borel set Ac &, m(A):=> ., ;1(x;€A). If m(K) < oo for any compact set K € £,
then m is said to be Radon. Let M,(E) be the space of all Radon point measures on E.
A sequence {m,} C M,(E) is said to converge vaguely to m, if [ fdm, — [, fdm as
n — oo for all f € Ck(FE), the continuous function space with compact support K. The
vague convergence induces a vague topology on M, (E). Topological space M, (E) is then
metrizable as a complete separable metric space. Define M,(E) as the o-algebra generated
by open sets in M, (E).

DEFINITION A.3 (Point processes and their weak convergence). A point process on E
is a measurable map from a probability space (€2, A, P) — (M,(E), M,(E)), i.e., for every
event w € (2, the realization of the point process N(w) is some point measure in M,(E). A
sequence of point processes IN,, weak converges of a point process N, denoted as N,, = N
if Ep{h(N,,)} — Ep{h(N)} for all continuous and bounded functions » mapping M,(E) to

R. Note that if N,, = N then [, f(x)dN,(X) 4 Jp f(x)dN(X) for any f € Cx(E) by
the continuous mapping theorem.

DEFINITION A.4 (Poisson point process). A point process N is called a Poisson process
measure (PRM) with mean measure p if N satisfies

(i) for any F' € £ and any non-negative integer k, P(N(F) = k) = exp { —u(F)} {u(F)}* /!
if u(F) <ooand P(N(F)=k)=0if u(F)=ooc;

(ii) if Fy,---, Fy are mutually disjoint sets in £, then {N(F;),i <k} are independent
random variables.

The following two lemmas, from Proposition 3.22 of Resnick (2008) and Theorem 1 of
Meyer (1973), respectively, provide key tools to study the weak convergence of point pro-
cesses of extreme events with a-mixing time series.

LEMMA A.7 (Kallenberg’s theorem). Suppose that N is a point process on E and T is
a basis of relatively compact open sets such that T is closed under finite unions and inter-
sections, and for any F € T, P{N(0F) =0} =1. Then Ny = N ifforall F €T,

Jim P {ﬁT(F) - 0} =P{N(F)=0}, and (A.26)
Jim E {ﬁT(F)} —E{N(F)} < . (A27)
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LEMMA A.8 (Meyer’s theorem). Suppose that the sequence {A}}; ; (n=1,2,---) is
stationary and o-mixing with mixing coefficient oy, (k) defined as

an(k)= sup |P(EF)—P(E)P(F)|, where Qj =o(A},- A 1<j<J<n

for any 1 <k <n. Suppose that the probability of the event A} is P(A}) = % + o( %) for
some a > 0. Moreover, suppose that the following conditions hold: there exist sequences of
block sizes {pm,m > 1}, {Ggm, m > 1} and {t;, = m(pm + gm), m > 1} such that
(a) for any r >0, m"ay,, (gm) — 0 as m — oo, where t,, = m(pm + gm),
(D) Qm/pm — 07Pm+1/pm — 1 as m — oo, and
(c) I, =5 " (pm — z)]P’(Ai N AEII) = 0(%) as m— oo.
Then it holds that
e~k

k!

PP (exactly k events among {A}'},_ | happen) — as n — oo.

Remark. (i) Note that for any given n < oo, the a-mixing coefficient cv, (k) defined above is
upper bounded by the commonly used a-mixing coefficient a(k) (see e.g., Doukhan, 1995),
where the supreme of F' is taken over €277, . | instead of Q7. , . ;. (ii) The proof of the above
theorem is based on partitioning the observations into consecutive blocks of size p,, and g,
alternately. The condition I, = o(1/m) prevents clusters of rare events A}, preventing the

compound Poisson processes as the limit.

A.3. Lemmas for epi-convergence. In the investigation of the limiting distribution of
5 and B, we will employ the tool of epi-convergence in distribution (Knight, 1999), which is
useful in establishing weak convergences of “argmin” functionals, and is more general than
uniform convergence, because it allows for more general discontinuity.

DEFINITION A.5 (Epi-convergence in distribution).  Suppose that {@,,(x)} is a sequence
of random lower semi-continuous (I-sc) functions, namely @Q,,(x) < liminfy ., Qn(x;) for
any x and any sequence {x; } whose limit is x. Let £ be the space of l-sc functions f : R? —
R, where R = [—00, 00]. The space £ can be made into a complete separable metric space.
(Rockafellar and Wets, 1998).

A sequence of functions {Q,} € L is said to epi-converge in distribution to @ if for any
closed rectangles Ry, -, Ry in R? with open interiors R9,---, R}, and any real numbers
Ty Th:

PNy {inf Qo) > ry}) <liminf P(OE_{ inf Qu(x) > r;})

<limsup P(ﬂ?zl{xienqu Qn(x)>1j})

n—oo

<P { inf, Q) > 1)

The above definition of the epi-convergence can be difficult to verify. Instead, we will use
an equivalent characterization given by Knight (1999), using the finite-dimensional conver-
gence and stochastic equi-lower-semicontinuouity.



10 B PROOFS FOR SECTION 3

DEFINITION A.6 (Finite-dimensional convergence in distribution). A sequence of ran-
dom functions {Q,(x)} converges to Q(x) in distribution in the finite-dimensional sense if
for any finite positive integer k£ and any (X, - - ,Xg), it holds that

(Qu(x1), -+, Qu(x1)) 5 (Q(x1), -+, Q(x4)) -

DEFINITION A.7 (Stochastic equi-lower-semicontinuous). A sequence {Q,} € L,
where L is the space of I-sc functions defined in Definition A.5, is said to be stochastic
equi-lower-semicontinuous (s.e-1-s¢), if for any compact set B and any €,d > 0, there ex-
ists x1,--- , X3 € B, for a finite integer k, and some open sets {V (x;)}¥_, covering B and
containing X1, - - , X%, such that

limsupP (Ule { inf Qn(x) < min(efl, Qn(xj) — e)}) < 0.

n—00 xeV(x;)

LEMMA A.9 (Theorem 2 of Knight, 1999). Ler {Q,,} be a stochastic e-I-sc sequence of
functions. Then {Q,} converges to Q in distribution in the finite-dimensional sense if and
only if {Qn} epi-converges in distribution to Q.

APPENDIX B: PROOFS FOR SECTION 3

B.1. Proof of Proposition 1. The following proof is for Proposition 1 on the identifica-
tion of .

PROOF. Note that M[(0) can be expanded as
M(6) = E{m(W,0)}
4 4

=E(2) + E[> > {X"(Bn — Bro) 1 (40) 1M (v)]

k=1h=1

4 4
+2B{Y " eX" (B — Bro) 1™ (7)1 ()}

k=1h=1

4 4
=E(e*) + > > E{X™(Br — Bro)}* 1V (70) 1" (7))

k=1h=1

4 4
=M(0) + > > Apn(0), say, (B.1)

k=1h=1

where the second equality is because of E (¢| X, Z) = 0. If 8 # ), then one of the following
two cases will hold: (1): v # g, or (2): v = v while 3 # By. We now consider the two
cases respectively.

Case (1). Suppose that v # . Then for some [ € {1,2} and h € {1,---,4}, the true
splitting hyperplane Hj : z;'~;o = 0 will partition through R, (). Because Assumption 2
(i) implies that IP{|q;| < €|Z_1,;} > 0 almost surely for any € > 0, meaning there is a pos-
itive probability that Z will locate around the neighborhood of the hyperplane z; v, =
0, we have that for some (k,j) € S(1), it holds that P{Z € Ry(vo) N Rx(v)} > 0 and
P{Z € Rj(~v0) N Rp(v)} > 0. Therefore,

Apn(0) > X018n — Broll®, A (8) > Nol|Br — Bioll?
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according to Assumption 2 (ii). Since Byo # Bjo, either Ay 5, () >0 or A;,(6) > 0. Conse-
quently, M(O) > M(OQ) + AM(O) + Aj,h(e) > M(eo)
Case (2). Suppose that v = =y while By # B for some k € {1,--- ,4}. In such a case,

Api(0) =E |[{ X7 (B — Bro)}* 1{Z; € Rk('YO)}} > Nol|Bk — Broll* >0,

by Assumption 2 (ii). Therefore, M(6) > M(0) + Ay 1 (68) > M(6y). Combining the two
cases yields that M(6) > M(8y) if € # 6y, which completes the proof. O

B.2. Proof of Theorem 3.1. The following proof is for Theorem 3.1 on the consistency
of 6.

PROOF. The consistency of 6 follows the standard approach for M -estimation (van der
Vaart, 1998). First, we strengthen the result of Proposition 3.1 by a separable condition
(B.2), which can be induced by the continuity of M(8) at . Note that M(6) = E(Y?) —
23 B{YX By 1(Z € Rp(v))} + St  E{(X"B1)?1 (Z € Ry(7))}. The continuity
with respect to 3 is obvious and it remains to show the continuity at ~p. Note that for any
0 # 6y,

[E{(X"B)’1(Z € Rr(7))} — E{(X"B)*1(Z € Ri())}|
<E'2{(X"B)"}E{1(Z € Ry(7))} —E{1(Z € Ri(70)}"?

2
<EV{(X"B) HD_IP(Zfn < 0) — P(ZF0 < 0)[}% < /v — ol

=1
where the last inequality is due to Assumption 3.(ii). Thus, M(8) is continuous at 8, imply-
ing that

sup  M(6) > M(6y) Ve > 0. (B.2)
[6—6o||>¢

As a direct consequence of Lemma A.1. we have the following uniform convergence

sup |M(6) — Mz (68)| 20, (B.3)
6cO

as T — co. By the definition of 8, we have M7(8) < My (6,) + op(1). Because (B.3) implies
that M7(80) > M(8y). It follows that M7(8) < M(8g) + 0,(1), whence

-~ -~

M(8) — M(6o) <M(8) — M1(8) + 0,(1)

< sup [M(6) — Mz(8)| + 0,(1) 2> 0. (B.4)

6co
Because of (B.2), for any € > 0, there exists 17 > 0 such that M[(8) > M(6y) +n if ||@ — || >
e. Thus, the event {||§— 6ol > e} is contained in the event {M(g) > M(6o) + 7]}, whose

probability converges to 0 in view of (B.4), which completes the proof for Hé — 6| L 0as
T — 0. O

B.3. Proof of Corollary 3.1.
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PROOF. Let Dy = {Wt}tT:l. We prove the corollary for £ = 1 without loss of gen-
erality, where Ri(v0) = {20 >0,/ =1and 2}. Then Ri(vy) \ Ri() is a subset of
U2, {z: 2]y > 0 > 2], }. Therefore,

2
P{Z € Ri(v) \ Ri(3)|Dr} < Z (Zi'~v0 > 0> Z/%|Dr)

< 012 13 = oll, (B.5)
=1

where the probability is taken over Z, and the second inequality is due to the consistency
of &4 and Assumption 3.(ii). Therefore, P{Z € Ri(vo) \ R1(¥)|Dr} — 0 as T' — oco. Sim-
ilarly, we have P{Z € R1(7) \ R1(v)|DPr} — 0. Since P{Z € Ri(v0) &A R1(¥)|Dr} =
IP){Z €ER; (’70) \ Rl(’/)\/)|DT} +P {Z S Rl(ﬁ) \ Ry ('YO)’DT}, we obtain

P{Z € Ri(v) & Ri(3)[Dr} = 0
as T — oo. Because P{Z € Ri(~0) & R1(7)|Dr} is uniformly integrable, we have
P{Z € Ri(v0) A Ri(7)} =Ep, [P{Z € Ri(v0) &> R1(3)|Dr}] — 0,

which completes the proof. O

B.4. Proof of Theorem 3.2. The following proof is for Theorem 3.2 on the convergence
rate of 6.

PROOF. The convergence rate will be derived in two steps. In the first step, we establish
that there is a metric d such that

d?(0,00) SE{m(W;,0) — m(W;,8,)} for any 8 € N(6y; o), (B.6)

for some dp > 0. In the second step, we derive a convergence rate of E{m(Wt,é\) -
m(Wi, 0)} by bounding (Er — E){m (W}, 0) — m(W,8)}, which combined with Step 1
will lead to the desired convergence rate of 6.

Step 1. Note that we can decompose E{m(W;,0) — m(W,,60)} as
E{m(W,0) — m(W,,0y)} (B.7)

—ZE{Xt (Bio— B 1 ()1 ()}

4 4
3OS E{(XE (B — B 1 ()1 ()},
i=1 k+#i
4 4 4
=D "Ui(0)+ > Gi(0). say,
j=1 i=1 k#i

where the J;(0) term corresponds to the part of observations which are classified to the jth
region under both the hyperplanes with coefficient vy and -, and the G, term corresponds
of the part of observations which are classified to the ith region under the hyperplanes with
coefficient =, but classified to the kth region under ~.
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First, for each j € {1,--- ,4}, note that
P{Z; € Rj(v0) N R;j(v)} =P{Z; € Rj(0)} = P{Z: € Rj(v0) \ R;(7)}

Q)
>P{Z: € Rj(v0)} — collvo — vl = P{Z: € Rj(v0)} — cod

(#9)
>P(Z; € R;(70))/2> 0, (B.3)

uniformly for any v € N (7;9), where (i) is due to (B.5) and (ii) is by taking § sufficiently
small, which is legitimate because of the consistency of 4. Then by Assumption 2.(ii),

J;(6) > c1]|Bjo — Bj > (B.9)

For each [ € {1,2}, we choose one pair (i;, k;) € S(I). Without loss of generality, let
i1=1,k1 =2,i2 =1,k = 3. We now bound the term G, (@) from below,

Gi(8) =E {(X7 (Bio — B))* 1" ()14 () }
=E {(XtT(silkl,O)2 11?’)(70)1115“)(7)} +E {(X,:T (Bro — Br))’* ]lfl)(vO)ﬂgkl)(v)}
+2E {XtT(si;,k,,OXtT (Br.0 — Br,) ]1§il)(’70)]1§kl)(’7)}
>E {(XtT‘sz'Lkl,O)2 ]lgil)(’vo)]lgkl)(’Y)}
= 2B {| X7 8i ol |X7 (Bro — B 1§ (v0)1{ (m) }.
Similarly,
G, () ZE {(Xféi,kl,o)Q 1) (yo)1{" (’7)}
— 2B {1X/ 6,0l 1X7 (Bio — Bi) |1 (30)1 (1)}
Let g™ = (X{ 0ik,0)° 1{Z: € Ri,(70) U Ry, (70)}- Then

(X7 8,k,0)* 1 (70) 14 () + (X7 01k 0) 11 (0) 18" (7) = git* [L14(10) — Lt ()
whose expectation is bounded by
E {gfk’ L1,¢(vi0) — ]lz,t(‘ﬂ)l} > c3lvio —nlls (B.10)

for some constants c3 > 0 due to Assumption 4 (ii) and Lemma A.2 (ii).
For the second term of the lower bound of G;,x, (), note that there exists a positive con-
stant ¢4 such that

E{1X7 8ol |IXF (Bro = Bl 16 () La (0, m0) |

< 1Br0 = B, M &isk 0| (1 Xel*Li (72, v10))
< ¢4]|Br0 — B, |70 — 71l (B.11)

where the first inequality follows from the Cauchy-Schwartz inequality and the second is
implied by Lemma A.2. Similarly,

T T kl
E{|Xt 8iuke0l 1 X7 (Bio — Bi)| 1} )(’Yo)]ll,t(’n,’no)}

<cl|Bio — Billllvio — - (B.12)
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Combining (B.10)—(B.12) leads to an lower bound of Gk, (0) + Gy,;,(0). For each given
[ =1 and 2, these together with (B.9) with j = k; and ¢; lead to

{Jk, (0) + Ji,(0)}/2 + Gk, (0) + G, (0)
>e1([1Bro — Bl + 1Bio — Biu1*) /2 + esllvio — il
—2¢4 (|Br,0 = B | + 1810 = Bi, I [0 — vl
¢l c3
= Z (Euﬁjlo - Bl + 5“’)’10 — 3l = 2¢4l|Bj0 — B, Mo — )
Jie{inki}

Z Lk, say. (B.13)

Jied{i,ki}

A lower bound for the term L’ can be derived by considering the following two cases.
(@) If c1(|Bji0 — By, Il = 8eallyo —

c3
] =4 ||/3]zo /3j1||2+5||7l0_7l||'

(i) If ¢1]|B5,0 — Bj, || < 8callvio — ]|, then
2
C3 c3 C
EH'YZO =l = 2¢4llBj0 — B, 1Yo — vl = EH'YZO — il — 16é Ny — 7l

which can be further bounded from below by cs3||vio — ~;||/4 provided that ||v;0 — ;|| <
c1c3/(64c2), which is ensured by the consistency of 4. Therefore, in the case (ii),

c3
2 ||BJ[0 /sz||2+7||7l0_’7l||7

provided that ||v;0 — ;|| < c1c3/(64¢2). Combining Cases (i) and (ii), we have

L > es([18ji0 = By |I* + gH’no =D,
for some generic constant c5 > 0, as long as ||v,0 — || < ¢3/(32¢c1). By (B.13) we have
{Jk (0) + Ji,(0)} /2 + Gk, (0) + Gy, (6)
>e5(11Bi0 = BillI” + 18k — B I” + llvio — wll), (B.14)

for some positive constant c5. Divide the regime index set {1,---,4} to two parts: K1 =
{ki,i;:1€{1,2}} and Ko = {1,--- ,4} /K;. Then from (B.7), (B.9) and (B.14),

K K
M(9) —M(80) > 3 ;0) + 3 1(0)+ > Gu(6)

kex, keks i:1k¢i

2
J]ﬂ 9 —{—le
>3 (G (0) + G (8) + PO IOy 57 )
_ keks

2
>c5 Y (180 — Bidll” +11Bro = Br > + Ivio — wl) +e1 Y 1180 — Bl

=1 ke,

4 2
>c6(D 1180 = Bill® + Y Ivo =l

k=1 =1
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where ¢g = min{cy, ¢5 }. Finally, by the triangle inequality,
M(6) — M(60) > cs([|Bo — BI* + Ivo — 1), (B.15)
provided that v € N (v;dp) for some &y > 0. Denoting by d(0,60) = /|7 — Yol + |18 —
Bo|| leads to the desired (B.6).

Step 2. Note that for any 8 € ©, we have
(E - ET) {m(Wt7 9)} - (]E - ET) {m(Wt7 90)}

4
=S (- Er)[{(X7(Bjo — )1 (v0) 1Y (m)}]
j=1
4 4
+ 3N (E - En){(X] (Bio — Br))* 1Y (0) 17 (7))
i=1 ki

+22ET[{&<X:<@O BN (40)1 (7))]

93 S Erlfe X7 (B B8 (01 ()

i=1 k#i
=S1 17+ Sor + S317 + SaT, say. (B.16)

We now bound the four terms respectively. For S; 7, note that llij ) (v)=1- Zi £ ]lgk) (y)
and

SlT<Z]E Er) {(X7 (Bio— 81 ()1 ()}

7j=1

Si’(E_ET){(XtT(IB]O B’ 1 (v )H

ZZE Er) [{(X7 (810 - 8,7 1 (01 ()}
J=1k#j

=510, + S1p1, say.

For S1,,71, by the Cauchy-Schwartz inequality and the ULLN in Lemma A.l1, we have
St = |8 — Boll?0p(1). For S .1, due to the compactness of the parameter space for
3, Assumption 4 (iv) and Lemma A.6, it can be shown that Sy ,, 7 = A||v — 0| + Op(T 1)
for any A >0 and v € (¢;T 1, ¢2) for any ¢;, co > 0. Therefore,

St < 18— Boll?op(1) + Ally — 0l + O,(T ). (B.17)
For the second term, we have
4 4
Sor <23 |(E—Ex) {(X7 (Bo— Bi)* 17 (vo) 1V () ]|
i=1 ki

=My — vl + Op(T71), (B.18)
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for any A > 0, v € (ClT_l,CQ), and any cy,ce > 0, implied by the same reasoning for the
S1 1 term. For S3 7, similar to S1 7, it can be decomposed by

S3,T§224: ‘ET {St (X7 (Bjo — By)) ]lzgj) (’YO)H
=

4 4
T j k
+25° 3" [Br {ec (X7 B30 ~ ) 1P (1P () }
J=1k#j
=53 4.1 + SS,b,T, say.
For S5 , 7, by the martingale central limit theorem (Hall and Heyde, 1980) we have S3 , 7 =

18 — Bol|Op(T~1/2). For S35, 7, using the same arguments as that for Sy 7, S 5.7 = A||y —
Yoll + Op(T™1). Therefore,

Ss.1 < (1B = BollOp(T™%) + My = ol + Op (T 7). (B.19)
For S4 7, following the same reasons for Sy 7, it can be shown that
Sar < Ay =0l + Op(T 7). (B.20)

Putting (B.17)—(B.20) together, we obtain that if v € (c;T~!, c) for some c1,co > 0, then
(E — Er){m(W;,0) — m(W;,60)} <||8 — Bol Op(T~?) + |18 — Boll*0p(1)
+4Ay =0l + O0p(T 7).

~

Since Ep{m(W¢,0)} <Ep{m(W,0y)} and (B.15), we obtain
Co(l18 = Boll® + 117 = voll) <18 = Boll Op(T/?) + 118 = Bol[*op(1)
+ Ay =0l + Op(T7).
Since the above bound holds for any A € (0,1), we can take A < Cg/4, which delivers
CollB = Bol[* + (Co = AT — 0l < [18 = BollOp(T~Y2) + 1B — Bol*0p(1) + Op(T),

which further implies HB — Bol|> = 0,(T~1), and thus, |7 — vo|| = O, (T71). O

Proof of Corollary 3.2

PROOF. It can be seen straightforwardly from the proof of Corollary 3.1 that for each
kel 4},

2
P{Z € R(v0) & Re(3)Dr} S 113 — ol (B.21)
=1

which is of order Op(T_l/ 2) by Theorem 3.2. With the uniformly integratability of
P{Z € Ri(v0) &\ Rx(¥) | Dr}, the conclusion of the corollary follows. O
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B.S. Proof of Theorem 3.3. The following proof is for Theorem 3.3 on the asymptotic
distribution of @, which requires the following lemmas. Considering that the proofs for these
lemmas are quite lengthy, we provide their proofs later in Subsections B.6—B.10.

For any (u”,v™)" € R¥+di+d: e define

T
Qr(u,v) = {m(Wy, By + —= m(Wi,Bo, )} (B.22)
t=1

+2)
\/Ta'YO T

The following lemma establishes the separability for Q7 (u,v), whose proof is available in
Section B.6.

LEMMA B.1. Under Assumptions 1-5, uniformly for (u",v™)" in any compact region of
]R4p+d1+d2, we have

Qr(u,v) =Wr(u) + Dr(v) + 0p(1), (B.23)
where
4
= Z[u;E{XtXt ) (y0) buj — el Ztht]l (B.24)
j=1
and
T 2 ®
P L (T + 270 00) <0< s Tay}, (B.25)
t=1 I=1 (5,k)eS(1)
with

€00 (8%, 0 X, X780+ 2X7850020) {17 (70) + 10 (o))

where 810 = Bjo — Bro, it = Z[ 0, S(1) is the set of indices of adjacent regions split by

the I-th hyperplane as defined in (3), and sl(J ) = sign(z; o) for z € R;j(o) as defined in (2)

of the main text.

The next lemma is to obtain the finite-dimensional weak limit of Dp(v), whose behaviour
is determined by the point processes induced by the observations which are near the split-
ting hyperplanes. The following notations are needed for this lemma and its proof. For each
[ =1,2 and (j,k) € S(1), suppose (g1, Z_1,£9R) follows the stationary distribution of

(qut,z_l,lvt,gt(* ). We denote Fy, 7, ,(q|Z_1;) and Feimg, z ., (Ela, Z-1;) as the con-
ditional distributions of ¢; on Z_1 ; and § (@) on (qi, Z_1,), respectively, and the correspond-

ing conditional densities are f,z_,,(¢/Z-1;) and feomq,z_, ,(§la, Z-1,), respectively.
Let Z_1; be the compact support of the density of Z_; as required in Assumption 5.

LEMMA B.2. Under Assumptions 1-5, the finite-dimensional weak limit of Dr(v) in
(B.25) is

=3 5 S (14 @ o) <0< o0 mao

=1 j,keS(l) i=1

T

for v = (v],v3)", where {(§; (7:F) Zl(jZ k)) © . are independent copies of (£9F), Z,ll)

with 0% ~ Fep 2, (€0, Z2_1)), Jij’“ = T frz ., (0125 with T
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sl(j ) 22:1 Sl(ﬁk) and {El(z;k)};l’ozl are independent unit exponential variables which are in-

dependent of {(§§j’k),Zl(’]Z:’k)) ® .. Moreover, {(§§j’k),Zl(i:’k),Jl(,Z’k)) o, are independent
across | =1,2 and (j,k) € S(1).

The following Lemma B.3 establishes the stochastic equi-lower-semicontinuity of { D (v)},
which together with the finite-dimensional converges in distribution implies the epi-
convergence in distribution.

LEMMA B.3. Under Assumptions 1-5, the sequence {Dr(v)} defined in (B.25) is
stochastic equi-lower-semicontinuous, namely that for any compact set B C R4+ and any
€,0 > 0, there exists v1,--- , vy, € B, where m is a finite integer depending on B, and some
open sets V(vy),---,V(vy,) covering B and containing vy, - - , Uy, such that

limsup P <U}n1 { inf Dr(v) <min(e !, Dp(vj) — e)}) <.
T—o0 veEV (v;)

To present our next lemma, we first define the following class of piece-wise constant func-

tions on R? as

oo
F= {f('v) = Zai]l{'u € F;}, a; € R, Fj is a connected set in R?, I NF;=0ifi #j} .
i=0

For each f € F, let f = Yoo il{v € F;} be its associated pure jump process, which has
a jump size 1 when moving from F; to F;y1. We refer to the sets {F;} as the level sets
for f and f. Note that any realization of both D7 (v) and D(v) belongs to . Lemma B.4
below ensures that the centroid of the armgin set of f € F, when viewed as a functional
from F to R, is a continuous mapping functional under the topology of epi-convergence. It
is similar in spirit to Lemma 3.1 of Lan et al. (2009), where they established the smallest and
largest argmin functionals are continuous mappings in the univariate Skorohod space, while
our result is under the metric induced by the epi-convergence in multivariate space.

LEMMA B.4.  Given a compact space E for v, suppose that (i) on the domain E, the
sequence { f, € F} epi-converges to fo € F and its jump process { f} also epi-converges to
fo; (ii) there are finite numbers of jumps of { f,} and fo in E; (iii) fo has a unique level set.
Let G, and G be the set in E on which f,, and fy are minimized, respectively. Then,

Jvl(veGy)dv  [vl(veGy)dv

. B.27
J1(veG,)dv ~ J1(veGydv’ asn T ee (B-27)

Let £>°(B) be the space of all bounded functions equipped with the uniform norm on the
domain B, where B is the parameter space for 3. The following lemma establishes the weak
convergence of Wy in £°°(B) and its asymptotic independence with Dr.

LEMMA B.5.  Under Assumptions 1-5, the sequence {Wr}3_, defined in (B.24) weakly
converges to W in £>°(B), where for any w = (u,--- ,ul)", W(u) = S p_, Wi(up),
Wk(uk) ZUEE [XXT]l {Z € Rk(’)/())}] U — 2u£Hk, (B.28)

H;, ~N(0,%;) and S, =E [ X X"c*1{Z € Ry(v0)}|. Furthermore, the random function
W (w) is independent of D(v) defined in (B.26).
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With the above Lemmas B.1-B.5, we are now ready to prove Theorem 3.3 as follows.

Proof of Theorem 3.3

PROOF. Let Vi = T(§ —~o) with § € G and Uy = vT(B — ) be standardizations of
the LSEs for «p and 3y, respectively. By the definition of (7, 3),

. u v
(Vr,Ur) € ar(%mm)m [TET {m(Wt,ﬂo + Wl + T) - m(Wt7ﬁ0770)}]
€argmin Qr(v,u), (B.29)

(v,u)

where Er is the empirical average operator, Q7 (v, u) is defined in (B.22), v = (v],v3)" and
u = (uf,---,u})". The proof includes the following three steps: (1) the separability and
finite-dimensional convergence of {Q7(v,u)}3 , (2) the epi-convergence of the random
functions {Q7}7_; to @, and (3) the continuous mapping for the centroid of the argmin set.

Step 1. Separability and finite-dimensional convergence.

According to Lemma B.1, Q7 (v, u) can be separated as
Qr(v,u) =Wr(u) + Dr(v) + 0p(1), (B.30)

uniformly for (w™,v»™)" in any compact set of R**d1+d2 where Wr(u) and Dr(v) are
defined in (B.24) and (B.25), respectively.

Let Q(v,u) = W(u) + D(v), where W (u) is defined in (B.24) and D(v) is given in
(B.26). Note that D(v) = D1 (v1) + D2(v3), where

D)= 3 e (159 + (20)ro) <0< 5PN},
jkeS(l) i=1

for [ =1 and 2. By Lemma B.2, for any finite positive integer k& and (v(l), “++, V() Where
V) = (U(TZ-) V%) ,)T € RN foreach i € {1, ,4}, we have

(Dr(vy), -+, Dr(vay)) % (Do), D(vgy)) . (B.31)

namely, D(v) is the finite-dimensional limiting distribution of D7 (v). The finite-dimensional
weak convergence of Wr(u) to W(wu) is implied by Lemma B.5. Therefore, Q7(u,v)
weakly converges to QQ(u, v) in the finite-dimensional sense.

Step 2. Epi-convergence.

Lemma B.3 establishes the stochastic equi-lower-semicontinuouity (s.e-I1-sc) of the se-
quence {D7}3_,. From the regular form of {Wr}3°_,, this sequence of random functions
converges in distribution to W with respect to the topology of uniform convergence, imply-
ing {Wr}3_, epi-converge in distribution to WW. Then by the finite-dimensional convergence
of {Wr}3_, implied from Lemma B.5 and Theorem 3 of Knight (1999), {Wr}7°_, is a se-
quence of s.e-l-sc random functions. Consequently, {Q7}7_, are s.e-I-sc, which together
with the finite-dimensional weak convergence shown in Step 1 implies that {Q7}7_, epi-
converges in distribution to () by Lemma A.9.
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For any given v, by the separatability of Q(u,v) = W(u) + D(v), where W (u)
is quadratic in w as shown in (B.28), we can see that Q)(u,v) is minimized at U =
(Uy,---,Uq)", where for k € {1,--- ,4},

Up=E[XX"1{Z € Rp(v0)}| " Hx, Hp~N(0,%s),

and Yy, is given in Lemma B.5. By Theorem 1 of Knight (1999), we obtain VT (ﬁ —Bo) =

Ur 4 U. Let G p be the argmin set of D(wv). Since Assumption 3.(ii) implies that neither
Z1;4 nor Zs; is multicollinear, following the same arguments as in Yu and Fan (2021), it
can be shown GGp is compact almost surely, so that its centroid is well defined. It is worth
noting that because the minimizers of D(v) are not unique, Theorem 1 of Knight (1999)
can not be directly applicable to imply the weak convergence of argmin, Dy (v) to that
of argmin,, D(v). Instead, we consider the centroid of argmin, which can be viewed as a
continuous functional of a process, to obtain the desired weak convergence in Theorem 3.3.

Step 3. Continuous mapping for the centroid of the argmin set.

Since { D (v)}7°_, and D(v) can be endowed into a complete and separable metric space
induced by the epi-convergence, we can find a probability space and random elements with
D/.(v) 4 Dr(v) for each T'> 1 and D'(v) 4 D(v), such that D/.(v) epi-converges to
D'(v) with probability 1 (van der Vaart and Wellner, 1996). Let G and G/, be the argmin
sets of D/.(v) and D’(v), respectively. Condition (i) of Lemma B.4 is ensured by the epi-
convergence of {D/.(v)} to D'(v). Because the point process induced by {T'q; ; } is asymp-
totic Poisson, there are stochastically finite number of jumps in any compact region, and
Condition (ii) Lemma B.4 holds with the probability approaching 1. Also, Condition (iii) is

k)

ensured by the continuity of the jump size fl-(j ™ of D(v). Applying Lemma B.4, we have

C(G") — C(G}), where C(E) denotes the centroid of any bounded set E. Hence, we con-
clude that (¢ — v9) = C (QA) 4 ¢ (Gp) =75, Finally, the asymptotic independence be-
tween VT(B — Bo) and T(3¢ — 7o) is implied by the independence between W (u) and
D(v) established in Lemma B.5. Because T'(4§ — ~y10) and T'(4§ — ~v20) depend asymptoti-
cally on D;(v) and D2 (v), respectively, which are shown to be independent in Part 3 of the

proof of Lemma B.2, the asymptotic independence between T' (4§ — ~10) and T (5 — ~20)
follows. t

B.6. Proof of Lemma B.1.

PROOF. First, the left-hand of (B.23) admits the following decomposition:

u v
TET{m(thﬁO + ﬁa'yo + T) - m("VtaﬁOa’YO)}
T
X X¢ 2 ) () v
= Z Z(“JT' wj —uj—=Xee) 1y (v0) 1 (0 + )
i T VT T

_ Y Ui

T
+> > {0 - TJT) X X/ (8i50 \/T) +2X/ (ij0 — \/T)&‘t}]lg '(70)18 (70 + 7)

4
=> Hj(h)+ > Fij(h), say. (B.32)
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For the Hj term, let R;; = u; X; X u;1; 1Y )('yo), by the ULLN in Lemma A.1,

v
(Er — B Rt (v0+ 7 )} = 0p(1). (B33)
Note that

1 v
E{‘Rj,t]lgj)(’)’o + 5

T)—Rj,t‘}

) iyl L o]

2
< E{RjelLia(m0) — Lialo + = >|}< = o(1), (B.34)
=1

where (i) is implied by Lemma A.2. Then, combining (B.33) and (B.34) yields

- X () (17 ) v
ZU £ (v0)1y (’)’0 + T)
t=1
)
4
—E(R;¢) + 0,(1) = > wE{ X, X717 (v0) b u; + 0, (1), (B.35)
j=1

For the second part of H;(h), let S;; = 2uT-XtEt]l§j) (7o) Note that

T2 5, {10 0+ ) -1

2
< Z VTEr {|Sj,t| ‘]ll,t(')’lo) —1y¢(v0 + %)’} = 0p(1),
=1

according to (A.20) in Lemma A.5. Hence, applying Lemma A.5 gives

f]ET{ S;1! )<'70+ )} fET{ Sl J)(yo)}+op(1). (B.36)

Combining (B.35) and (B.36) and summing across j =1,--- ,4 leads to
ZH (w) + op(1). (B.37)

For the Fj;(h) terms (i # j € {1,---,4}) in (B.32), we divide them into two cases ac-
cording to whether there exists [ € {1 2} such that (7, j) eS (710) or not For those (7, j) that

does not have [ € {1,2} such that (¢, 7) € S(1), i.e., 51 7581 ands 7és

]lgi)(’Yo)]l()(’Yo-i- ) ’]llt'YlO) ]11t<’)’10+ >H]12t (Yno) — ]12t<'720+T)‘

Then, applying (A.21) in Lemma A.5, where we define U; in Lemma A.5 as

8 TX X (050 — —L) 4 2X7 (8150 — —L)ey] |
(G~ 22 X X7 Gy~ 2) 42X (g0 - )=
yields that
Fij(h) =0p(1), if (i,5) ¢ S(1) forany [ € {1,2}. (B.38)

Otherwise, if there exists [ € {1,2} such that (4, j) € S(I),
Fy(h) = TEr{ 13 ()1 (0 + 20} + VIEAT 10 ()18 (0 + 7))
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i v
+Er (U1 (00)1 (0 + 20} + VTEAV 10 (01 (0 + 7)), (B39)

where g,ﬁi’j ) is defined in (B.25), and
T = 67 X, XFuj, UMY =ul X X[ uy and V) = —2X T uje,.

For the first term on the right-hand side of (B.39), we note that IL%Z) (70)]1? ) ('yo + %) =1
means that Z; is classified into R;(+o) under the true =y, but is classified into R;(-y) under
the candidate parameter ~. Since the ¢-th and the j-th regions are on the opposite sides of
the {-th hyperplane, while are on the same side of the h-th hyperplane for the h # 1 € {1,2},

we have the following two implications: (i) sign(Z;’,vio) # sign {Zf"t (0 + %) }, which is
equivalent to

1 {sl(i)th (’Ylo + %) <0< sl(i)thvlo} =1;
and (if) sign(Z} ,y0) = sign {Z,fyt (vho + %) } for h # 1 € {1,2}, which is equivalent to
1 {0 < min{ss)Z,f’t'yho, SS)Z;J <’7ho + %) }} =1
For (i,7) € S(1), let ]lgi’j)('yg) = ]l(i) (7o) + ]l(j) (40)- It is noted that

o
1701 (0 +

2) =18 (o) Lo 2 (no + 14) <0 < 57 2o}

(B.40)

)]1115 ~Yi0) — 11 t(’710+ H12t Y20) — 12,4 (20 + T)‘

Applying (A.21) in Lemma A.5, we have

TEr {\ft ’])\‘]llt’)’m) 111t(’)’10+ )H]bt’mo) ]12t<’)’20+T)’}:0p(1),

which, together with (B.40), implies that
{f(w)]l (701 (’)’0 + T) }

—TE, {ggi,j 1, {Sl< z, (m n T) <0< Sl(i)ZlT,t7lO}} +op(1)
=Ty {&{" 1, {5 (Tas + Ziw) <0< s{"Tau )} +o0p(1)

= D9 (v) + 0,(1), say, (B.41)

where in the second equality q;; = Z;",vo.
For the second term of (B.39), note that

T( i) ()(—yo)]l()<'yo+ )‘ ’T H]lu Yi0) — 11,6 (Y10 +

According to (A.20) in Lemma A.5, it holds that
PG . "
VIE {1010 (40)1 (70 + ) } = 0p(). (B.42)

With the same arguments, we have

Ep {Uf’*”]lﬁ“ (o)1 (70 n T) } = 0,(1), (B.43)

T)



B.7 Proof of Lemma B.2 23

PG . v
VIEL {VE D10 (4001 (0 + T)} = 0,(1). (B.44)

Finally, combining (B.39) and the four parts (B.41)—(B.44) yields
Fij(h) = D7) (v) 4 0,(1), if there exists [ € {1,2} such that (i, §) € S(I).  (B.45)

Since Q7 (u,v) = Z?:l H;(h) + Ziéj F;j(h) as shown in (B.32), using (B.37) for the
H;(h) terms, and (B.38) and (B.45) for the Fj;(h) terms, the desired result (B.23) for the
decomposition of Q7 (u,v) is obtained. O

B.7. Proof of Lemma B.2.

PROOF. For notational simplicity, in this proof, we show the marginal weak convergence
of Dp(v), i.e., Dp(v) LN D(v) for any fixed v, since the finite-dimensional weak conver-
gence can be easily extended with the similar argument but more involved notations. Specifi-
cally, to show that (Dr(v(y)), -+, Dr (v, ))) 4 (D(v@y),- -+, D(v(y))) for any finite inte-
ger m, it suffices to replace the mapping T ") defined in (B.47) associated with the marginal

v = (v],v3)" to a m-dimensional mapping (7;(1],’(1)1 T(j’ ) for each [ € {1,2} and
(j.k) € S(0).

The proof is divided to four parts. In Part 1 we express D7 as a functional of point pro-
cesses. Part 2 first establishes the weak limit of the empirical point process, by verifying
Meyer’s condition which ensures the asymptotical Poisson for the point process with the
mixing sequences. Then we construct an explicit representation of the limiting process. Part
3 shows the asymptotical independence of the point processes associated with different split-
ting hyperplanes. In Part 4, we employ a continuous mapping theorem for the functional
introduced in Part 1 to obtain the weak convergence of Dy (v).

Part 1: Transformation into a functional of point processes. In this part, we will express
Drp(v) as a sum of transformations of point processes.
Recall that

T
v) = Z Z Z gt(j’k)]l {ng) (TCJLt + ZIl,l,t”—Ll) <0< Sl(j)TQZ,t} ;

I=1 t=1 (j,k)eS()

where fgj’ (5 k0 Xt X 00 +2X, 0j, 0€t) {]l ('yo) + 11,5’“ (7o) }-

We now show that Dp(v) can be written as a sum of functionals of some empirical point
processes. Foreach [ € {1,2} and (j, k) € S(1), we define an empirical point process ﬁl(]fk) €

M, (Ey), which is the space of Radon point measures defined in Definition A.2, where F; =
RS(_,») X Z_11 xR, as
l

T
NI R =Y 1{(Ta, Z1,0,67") € F} foranyF = (Fy, Fo, Fy) € B, (B.46)
t=1
where ngﬂ = (0,00) if sl(j) =1, and Rsf” = (—o00,0] if sl(j) = —1. The element {0} is
excluded from the space of {15] *) since §§] *) — 0 does not affect Dp(v).
For a given v = (v],v3)", for each | € {1,2} and (j, k) € S(I), we define a map ﬁj’k) :
M, (E;) — R such that

VN e My(E): T9P(N)= / 959 (@, y, 2)dN(z,y, 2), (B.47)

(2
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where foreachz € R,y € Z 1 and z € R,
l

gl(]vf) (x,y,2)=2-1 {sl(j)(x +yTv_1;) <0< sl(j):n} .
Then, with (B.46) and (B.47) we can write

T

Zfﬁj’k)ﬂ {Sz(j) (T + 2% 0-11) <0< S( Ta t} 7;(”1 ) (Nl(ka)) '
=1

Consequently, Dp(v) can be expressed as
k) j K
Z TP (N, (B.48)
k)eS

Part 2: Weak limit of Nl(jfk). In this part, we derive the weak limit of the empirical
point process IQIZ(J}'C) for each [ € L and (j,k) € S; in three steps. In step 1, we calculate
(3,k)

lim7_, E {N(J k) (F)} to obtain the mean measure of the limit process IN; required in

(A.26) in Kallenberg’s theorem (Lemma A.7). In the next step, we first verify Conditions

(a)-(c) of Meyer’s theorem (Lemma A.8), and then use it to show (A.27). The above two
5

steps guarantee that the empirical point process Nl(jjl

(J:k)

cess Nl

weakly converges to a Poisson pro-

)

. In the final step, we will find an explicit representation of Nl(j k),
Step 1: Calculation of the limit of E { l(JTk) (F) }

For any F' = (F, F», F3) € &, which is the basis of relatively compact open set in Ej,
where F1 CR_ ) and Fo C Z_4, F3 C R, we have
l

A BN}

:TIE};OT]P’{<Tth,Z Lits o )> EF}

= Jim T/ feowqnz ) Ela, 2) fqz_,,(al2) fz_, ,(2)dgdzdE
—00 TqEF) ,z€F, € F;
2 Jim fﬁ“”“)\(ql,z,l,l)(ﬂ; )fq,\z_l,( | 2)fz_,,(z)dgdzd€

T—00 JGeF, ,zeF,,6€Fs
(D) -
= / feom g,z (§10,2) f1z_, (0] 2)fz_, ,(2)dgd=zd§
GEF,z€F5 € F;

—: P (F)<oo, (B.49)

where (i) is by letting ¢ = ¢/T, (ii) is by the dominating convergence theorem and the conti-
nuity of fo,1z_,,(q|2) and feww(q,z_, ) (§ | ¢, 2) at ¢ =0, and that ul(J’k)(F)<oo is because
of the uniform boundness of the density functions assumed in Assumption 5 and the com-

pactness of F'. The measure ,ul(j k) on E =R X Z_1; x Ris defined as

Ml(j’k) (dg,dz,d€) = feim|(q,z_..,) (€10,2) f1z_,, (0] 2) fz_, ,(2)dgdzd.  (B.50)
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Suppose that ,ul(j *) defined above is the mean measure of the point process Nl(j ’k), then

(B.49) verifies the condition (A.26) required in Lemma A.7. To verify the other condition

(A.27), we use Meyer’s theorem, whose requirements are listed in (a)-(c) in Lemma A.8 and
are verified as follows.

Step 2: Verification of the conditions of Meyer’s theorem.

To show limp_, oo P {ﬁl(]Tk) (F)= 0} =P {ﬁl(j’k) (F)= 0}, we now employ the Meyer’s
theorem presented in Lemma A.8. The following notations are the same as used in Lemma

A.8. Forany F' = (F, F», F3) € E; and any sample size n > 1, define the sequence of “rare”
events as

AHE) =1{ (v, Zoa0,60) € FY

for1 <t<n(n=1,2,---). For any m > 0, we take ¢,, = [Lm|? and p,,, = [Lm]? for some
L>1and p>q>1, where [x] denotes the largest interger not greater than z. Then ¢, =
m(gm +pm) = m ([Lm]? + [Lm]P). We illustrate the validity of Conditions (a)-(c) of Lemma
A.8 as follows:

It is noted that Condition (a) is ensured by the condition of geometrical decaying c-mixing
coefficient imposed in Assumption 1. Furthermore, Condition (b) is valid, since g,,, = [Lm]?
and p,, = [Lm]P for some constants L > 1 and p > ¢ > 1, leading to p,,+1/pm — 1 and
Gm/Pm — 0 as m — oo. Finally, for Condition (c), we note that

Pm —1
20, =12, (pm — )P {A"(F) N Aly (F)}
=1

prn_i

<thpm Y PLAT (F) N Ay, (F)}
i=1

Pm—1
<t pm Y P{(tmq1 € F1) N (tmariv1 € F1)}
=1

(i)
S 2 AP (tmai € )Y

2
— 27, ( / qul<q>>
t.,,Lqul
2
(iv
D t2 0, </ fqz|zI,I(Q\Z)le.z(Z)dqu>
tquFl,zEZ,l’l

2

v (vi)

:)Pgn (/ faz ., (0[2) fz_, (z)dqdz + 0(1)> < Cp,  (BSI)
qul,ZEZ_lJ

—

for some positive constant C', where Fy, (q) is the distribution function of ¢; = Z;"~y;o. In the
above derivation, (iii) is from Assumption 5 (i), (iv) is by conditioning ¢; 1 on Z_1 4, (V) is
obtained via the same arguments of (i) and (ii) used in deriving (B.49), and (vi) is because
Ja|z_,, 1s bounded with probability 1 by Assumption 5 (ii) and the compactness of Fi.
Consequently, (B.51) implies that as m — oo,
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which verifies Condition (c¢) in Lemma A.8. '
With Conditions (a)-(c) verified and P(A] (F)) = ul(J ) (F)/T + o(1/T) as shown in de-

riving (B.49), for any F' with ul(j k) (F) > 0, Meyer’s theorem implies that

lim P{N(J 5 (F) = 0} = lim P{none of {AT(F)}]

—1 occurs}
T—o00 -

—e—(F) _p {Nl(jv’“) (F) = ()} , (B.52)
where N(J’ ) is a Poisson process with mean measure ,ul(J’ ). For F with ,u(] k) (F)=0,

(B.52) also holds, since in such case (B.49) implies E {N(]’k)(F)} — 0 as T — oo, which

further implies that P {NZ,T(F) - 0} =) {Nl(j’k)(F) - 0}. With (B.52)
and (B.49), Kallenberg’s theorem (Lemma A.7) implies that for each [ € {1,2} and (j,k) €
S(1), NIE o NU* in M, (E)) as T — 0.

Step 3. Representation of Nl(j k)

)

In this step, we construct a representation of Nl(j ™ by applying the marking theorem

(Proposition 3.8 of Resnick, 2008) twice. First, let Ngj Zk) be a canonical Poisson process on
R s on points {7, ]’k)} ©, defined as

NUH) () = i 1{gi" e}, g4» - (a)zgm (B.53)

=1
. o0 .
where {Sl(f;k)} . is an i.i.d. sequence of unit-exponential variables. Then N(] *) has the
’ n=
mean measure ug g )(dq) dq on R s Let {Zl] k) 2, be an i.i.d. sequence which follows

the distribution Fz_, , and is independent of {5 @ k)} ) . Then the marking theorem implies
n=
the composed process

Jk) Zﬂ{( gk Z(Jk)) }

is a Poisson process with the mean measure ,ugjz )(dq,dz) =dq- fz_,,(z)dz on Rs,(j) X
Z 1. LetTy:(q,2) = (¢/ fqz_,,(0]2), z). Then by Proposition 3.7 in Resnick (2008),

(4.k)

NG Zﬂ{ (799,209) ¢} = z;]l Jii z0" | c.

k
fQ|Z 1, l(()’Zl]7 ))

is a Poisson process with the mean measure
k
WS (dq,dz) = p o T (dg,d2) = fuyz., (Ol2)dg - fz_,,(2)d=  (Bs4)

on R ) x Z_1;. Finally, let Fl(j ’k)(-]z) be the conditional distribution function of ¢£U:)
1

givgn ¢ =0and Z_,; = z, which makes its density function be f¢.» (0. Z-1.) (5 |0,2). Let

{51-(] k) }22, be an i.i.d. sequence follows the conditional distribution Fl(j k) (] Zl(ji’k)). Then by
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applying again Proposition 3.7 in Resnick (2008), the composed point process

NP =31 i o ZIM e | €. (B.55)
i=1 Jaz_ 1l(()|ZJ )

is a Poisson process with the mean measure
ui™ (dg, dz,d€) = p (dg, dz) ;) (de| )
= fewn|(q,z_1.) (€10,2) fq1z_., (0] 2) fz_,,(z)dgd=zd¢,

which matches the desired mean measure (B.50).
In summary, through Steps (I)-(IIT) we derive that for each [ € {1,2} and (j, k) € S(I), it

holds that Nl(]Tk) N(J " in M »(Ep) as T'— oo, where N(J *) is a Poisson point process
with the representation (B 55).

Part 3: Asymptotical independence of point processes.

We now show that the empirical point processes {Nl(T Je{1,2},(4,k) € S(l)} are

asymptotically independent, that is, for any compact sets {Fl] " e &E,le{1,2},(4,k) €
S(1)} and non-negative integers {k:l(j’k),l € {1,2},(j,k) € S(1)}, it holds that

i,k i,k i,k
(1,5,k)€L,

k(jrk)

j k j k j k j,k)y
exp (=™ (EP)) {7}
- 1l 1)
(L,4,k)EZS l :
as T — oo, where Zy is any subset of Z = {(l,j, k) : L € {1,2}, (5, k) € S(])}.
Suppose that |Zs| = n,1 < n < |Z|. For notational simplicity, we label the n triples
{(Nl(]:;k), F(] k) kl(]’k)> (1, 5,k) € IS} as {(1/\\IZ~7T, Fi k), 1<i< n} and define

, (B.56)

éT:Zﬁi,T( ZZ]I{ T%taZ—l,z,tvfz EF}_ th7 say. (B.57)
i=1

t=1 =1

Let A” be the event {(T'q; t, Z_1:1,&) € Fit} and B =}, AZTt, namely B/ occurs if
and only if at least one of {A;, t} * , occurs. The derivation for (B.56) 1ncludes two steps.

First, we calculate limy o, P(Cr = k), for which we show P(A], N AL ) =O(T?) as
T — oo. In the second step, we calculate limp_, o, P {ﬂ?:l (NzT(Fl) = kg) | GT = k:} with
>, ki =k, using the arguments of thinning and blocking.

Step 1. In this step, we first show that for each 1 < ¢ < T, the distinct events AZt and AiT,,t
cannot happen together asymptotically. Suppose that

&
Al = {(TQZ,t7 Z 1.4, t(] NeF= Fyi X Fy; % Fg,z'} and

AL ={ (a0, 21y 6V € Fy = P x Py x o} (B58)
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respectively. First, consider the case that [ =" and (j, k) # (j', k"). We notice that since both
(j, k) and (5', k') belong to S(1), then either (i) j = &" and j" = k or (ii) {7, k} N {j', &'} = 0.
Under (i) we have P(T'q;; € F1; N Fy ) =0, since Fy; C R ; and Fi i C Rye, while s{ =

—sf“. Also, since {gj’k)ét(j/’k/) = 0 under (ii), P( ,gj k) € Fs, §t E F3,)= 0. In summary,
P(A],NAT ) =0ifl=1"and (j, k) # (j/, k).
On the other hand, if [ # I

P(AT, N AL =P ({ (T 2100, 6P") € B} 0 { (Tavs Zoap o670 € P} )

<P({Tq+€Fri}N{Tq+€Fi})
=Ez .72, { / f<qz,q,/>|<zl,z,zl,m(q,Q’)dqu’}
TqekF  Tq el

1EZ zZ_ / f Z ..z (g Cj/>dd~/
T I I e, gen,, 0N E e B )\ T

=0(T7?) asT — ooc. (B.59)

Therefore, we obtain that P(Agjt N AZ-T,J) =0(T2)as T —ooifi#4.
Note that by the inclusion-exclusion principle,

=P (Lnj AZ})
=1

=> PAT)+> (-nFt > Pl n--nAl). (B.60)
i=1 k=2 1<t << <n
Because P(A] N---NAL) <P(A] N A7), from (B.59) and (B.60) it yields that
P(BI) = ZIP’(AZ:t) +0(T72). (B.61)
=1
From (B.49) we have
P(AT) = wi(F3)/T +o(T ), (B.62)
which implies that
Zﬂl /T 4 o(T™Y). (B.63)

With the similar arguments used in Step 2 of Part 2, we can verify the conditions for Meyer’s
theorem for { B}’ }le, which delivers that for any 0 < k < T,

— > i(F " (F)
IP’{exactly k of {B;‘F}Z;l occur} — eXP (= 2 iz Pl k?) {2 i walF)) )

as T — oco. We notice that
{(A?T = k} / {exactly k of {BtT}tT:1 occur} C {for some 1<t <T,C;> 2}

and

P(AT N AT) =O(nT™),

IIMH

T
Z (Cr>2)<
t=1

<i#i'<n
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where n is finite, since it is the cardinality of Z,. Hence, we obtain

]P’(éT =k)=P {exactly k of {BtT}tT:]L occur} +o(1)

&P (=D (1) {20 Hz(Fz)}k
k! ’

as T — oo. (B.64)
Step 2. Now we turn to calculate P {ﬂ;;l (ﬁZT(E) = k:z> } Let k=3 | k;. Note that
P{ﬁ(ﬁﬂumsz}
i=1
—P(@T—k>P{F]@%T@U—kO\GT—k}
i=1

=P (Cr=k)

P{ﬂ (kzl of {Aft}thl are assigned) | k of {B;}il occur} +o(1)
i=1

=Pi7 x Pyr+o0(1), say.
For Py , by (B.64) we have

exp (= Y1y pi(F) {300 palF) )=

(i Ka)! ’
as T' — oo. We now proceed to obtain the limits of P, 7 by the blocking argument as in
Meyer (1973).

Specifically, for any positive integer m, partition the observation indices into consecu-
tive blocks of p,, and ¢, alternately, where p,, and ¢,, are the same as those in Step (2)
of Part 2, beginning with the initial block {1,---,p,,}. Let P, and @,, denote those in-
dices falling into size p,, and g,, blocks, respectively, and ¢,,, = m(pm, + gm). Let IZ’t’” =

{Aft happens if Bf happens}. According to (B.62) and (B.63),

PLT —

(B.65)

i P(A7; N Bim)  P(A})
P PAGIB") =55y~ = B(Bi)
t t

:z% +o(1) =:p; +o(1), say,

as m — oo.
Let G, = {G, = {js}’§:1 01 <ji <--- <jr <tn} be the collection of the subsets of
{1, ,t;,} with the cardinality k. Then,

{k of {B;" }thl occur} =Ug,eq, { Bl occur iff t € Gy}, (B.66)
where “iff” is short for “if and only if”. For each G}, = {js}*_, € Gy, let
H(Gk) = {(Hz = {Jls ’sﬁ:l)?:l : U?:lHi = Gk and Hz N HZ'/ = @ if 2 7é ’L,}

be the collection of all possible n-partitions of GG, with each segment H; containing k; indices
of Gj. Then we note that |H (Gy)| = k!/(TT;—, ki!)-

P{N?_, (k; of { A7}t are assigned) | Bj™ occur iff t € Gy}
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= Y PR 0, L), (B.67)
(Hi)1_,€H(Gy)

By inspecting the proof of Theorem 1 of Meyer (1973), we find that if k of { B;" };21 hap-
pens, then asymptotically all the % indices lie in separate blocks in P,,, implying that any
|7 — 4| > qm for any j # j' € Gy. Therefore, for large enough m, we have

n ki
B, ke, 1)~ T T B )| < ko, (g),
1=1s=1

by applying the definition of the a-mixing coefficients repeatedly for £ times. Since
|H(Gr)| = K!/(TT}y ki!) and P(I;"™) = p; + o(1), we obtain

it 17 ok k! B
SP( () I )—wgpi o)) < kg an) =o(1). (B

C. 1€[n],te[k;]

where the last equality is due to that k is a given integer and o, (¢,,) — 0 as m — oo.
Combining (B.67) and (B.68) leads to
t . t . k' L k.
P{Miz (k; of {A77 tm | are assigned) | B/ occuriff t € Gy} = T k! sz” +o(1)
=150
for each G, € Gy.. This together with (B.66) yields that

k! .
Py = m I;Ipf +o0(1), asm — oo,

where Py, = P{N, (k; of {Al7 i Vi | are assigned) | k of {Bt }t | occur}. Since for any
T, there exists a m such that T" € [t,,, tm+1), the above result implies that

_ S k) { pi(F3) }k
Pyr —> p;* 4 o( e A = ¢ , asT — 00, (B.69)
Sl =G T
since k = Zi:l ki and p; = p;(F3)/ (301 pi(F3)). Combining (B.65) with (B.69) yields
that

ks

P{m (ﬁi,T(Fi)Zki)>}=P1,TP2,T+O(1) Hexp( i kz! {ua(F)) +o(1),

i=1 i=1

which proves (B.56) and implies that <Nz(ji“ 1e{1,2},(5,k) eS8 (l)) are asymptotically
independent. These together with Part 2 conclude that N( N N( " in My(E;)as T — oo,
where (Nl(] k) 1e{1,2},(5,k) eS8 (l)) are independent Poisson point processes with the
representation (B.55).

Part 4: Continuous mapping.

In this part, we show that T]’k) (Nl( ) — T] ) (Nl(j’k)> as T — oo. If ﬁ(ilk)() is
a continuous functional in M, (El), then it follows by the continuous mapping thoerem. To
show that ’7;(1]7 lk)() is continuous mapping from M,(E;) to R, we use Proposition 3.13 in
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Resnick (2008), which requires 7, (i’lk) (+) has a compact support. Therefore, we use a trunca-
tion argument. Recall that for any N € M,,(E),

9 (N) = / 99 (., 2)dN(z,y, 2),

where z €R ),y € Z_1;,2 €R, and
o . . .
gl(i;l )(m,y,z) =z-1 {sl(])(;v +yTv_q;) <0< sl(])m} .

Therefore, the support of 7;(1{;]“) is Ql(j) X Z_1; X R, where Ql(j) ={q: sl(j)(q +y'v_q;) <
0< sgj )q for some y € Z_1;}, which is compact since Z_ ; is compact. For any M > 0, we

let By = {(x,y, z):x€R 6,y € Z 1,2 < M}, which is a compact set. Let
1
k ak i )
72(1];1 < l]T )) /E 9( )(95 Y,z )le(JT )(95 Y,2),
1

Rru= [ g% (@.y.2)dNE (@,y,2),
EI,,M

RO,M_/ g(%k)(x Y,z )dN( )(x,y,z) and
Ei v

Ro=T4" (NEP) = [ o AN w2,

1

In the following, we show in three steps that (i) R s 4 R pr forany fixed M > 0as T —
oo by the continuous mapping theorem, (ii) limps—,o0 limsupy_, o P{|R7 — Ry | > €} —
0 for any € > 0, and (iii) Ro ar i> Ry as M — oo. Then by Theorem 4.2 of Billingsley (1968),

RTiRoasT—>oo.

Step (1). For any fixed M > 0, let Ml(j k) sz y gl vz (z,y,2)dN(z,y,z) for any

N € M,(E). By Proposition 3.13 in Resnlck (2008) if any sequence IN,, = N, then the
points of N, locating in £ ,,, converge to that of N locating in E ,,. Since restricted on

Ej pr, the function gl(j k) (z,y,z) has a compact support but is discontinuous at = = 0 or

x+y"v_;; =0, the functional Ml(j{,k) is continuous except on

(M(jk ={Ne€M,(E):a} =0orz} + (y))"v_1; =0 for some i > 1},
where (zN,yN 2N i > 1) denote the points of N. Since
P{NF® e DM} =P {30, 79" =00r 109 4 (Z59)0 1, =0} =0 B.70)

and JI(Z’k) is absolutely continuous, we have

l’l}[ lvl

Rioyy = M(m( I<T>) MU’“)(NV”C)):RO,M, (B.71)

for any fixed M > 0 as T' — oo, by the continuous mapping theorem.

Step (2). Next, we show that
lim limsupP{|Rr — Rrm| >¢} — 0, (B.72)

M—=oo 7400
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for any € > 0. For notational simplicity, we denote & = ft(j ’k), G@=q, L 14=2_1,4, and

suppose sl(j ) = 1 without loss of generality. Then, for any M > 0,

T
|Rr = Rro| <) {1611 (16| > M) 1 (T + 2% 01, <0< Tq;) }
t=1

T
=Y Gi(M), say. (B.73)
t=1

Since
E{|&|1(1&] > M) | Z}y =0} <{E(|&*|Z]y = 0)}/2 {P(|&] > M| Z]y =0)}

{E(|&[%1 2}y = 0)}1/2
M
=0, (M) (B.74)

1/2

<{E(l&|1 2y = 0)}'?

almost surely, where the first inequality is via Cauchy-Schwarz inequality and the second
is by Markov inequality, provided E(|¢;|%|Z 1Y = 0) < oo for «y in a neighborhood of ; ¢,
which is ensured by Assumption 4 (iv). Using (B.74) and with the similar arguments as in
the proof of Lemma A.2 (i), we can show that E {G(M)} = O ((MT)~"). Therefore,

T
E|Rr — R m| < ZE{Gt(M)} =0 (M),

t=1

for any 7" and M, which implies (B.72) by Markov inequality.

Step (3). Next, we show that Ry = Ro,a + 0p(1). We notice that
o= 5 6 (615 ) o+ (527) 0]
i=1

Let Znax = max{— (Zl(jz:’k))T V_1, Zl(z’k) € Z—l,l}’ which is bounded since both Z_1;
and the space of v_1; are compact. This means that Zy,ax < 0o. Since fgz_,,(0[Z_1;) is
uniformly bounded by some constant, say Fj, by Assumption 5 (ii), the event
7Z J’ 7Z P j7
- + (Z : ) v_1; < 0< - =J"
k L ) k l
Jaz- 01z fyz 01250

implies 0 < jl(f k) < F}Znax. Therefore,

o0
Ry~ ol <D {1 (16991 > M) 10 < 73" < i) } (B.75)
=1

Note that .7;3 k) = S Sl(ﬁk) where {Sl(z;k)},‘f’:l is an i.i.d. sequence of unit-exponential
variables, and {¢ i(j k) }22, be ani.i.d. sequence follows the conditional distribution Fl(j k) (|1Z (7.k) )

1,0
that is independent to {é’l(j’k) > ;- Hence, P(t) = Zﬁ(f) gi(j’k)]l(\fi(j’k” > M) for t >0

,n n=1-
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is compound Poisson process with the jump size ﬁi(j’k)]l(|§i(j’k)| > M), where N(t) =

>y ]l(jl(f k) <'t) is a homogeneous Poisson process with rate 1. Therefore, we have

E{[Ro — Rourl} SFZumaE {5?”“)11 (171> n)

<-Fl max“ Jk \/ |€J’k)‘>M)

(413
<FlZmaXE{(§U’“> }/M—>O as M — oo, (B.76)

where (i) is from Wald’s identity (Wald, 1944), (ii) is from Cauchy-Schwartz’s inequality and
(iii) is from Markov’s inequality. Because of the above result, we obtain Ry ps = Ro + 0,(1),

which further implies that R ps i) Ry.

Through the three steps we have shown that (i) R7 as 4 Ry pr forany fixed M >0asT —
oo by the continuous mapping theorem, (ii) limps_,o0 limsupy_, o P{|R7 — Ry | > €} —

0 for any € > 0, and (iii) Ro nmr N Ry as M — oo. Therefore, by applying Theorem 4.2 of
Billingsley (1968), Ry < Ry as T — o0, ic., 7,0 ( J”“)) & 7 0b ( N ’“)). Because

in Part 3 it is shown that (Nl(T Jded{l,2},(j,k) e S )) are asymptotically independent,
we conclude that

Z > TSP (NEP) S ZL: > TP (NG, (B.77)

=1 (j,k)eS(1) I=1 (j,k)esS()

as T' — oo, which concludes the proof. 0
B.8. Proof of Lemma B.3.
PROOF. The proof for this lemma adapts that in Chernozhukov and Hong (2004). First,
we decompose Dy (v) = 212:1 2GRS D(Tj’k) (v;), where v; € R% for I = 1,2, and

G Zs” {9 T+ 271 010) <0< 59T}

It is sufficient to show that Dgf k) (v;) is stochastic equi-lower-semicontinuous for each [ €
{1,2} and (j,k) € S(). Without loss of generality, we take [ = 1,j = 1,k = 2, since the
other cases can be proved in the same way. To simplify notations, let v = v1,q: = q1 ¢, Z; =

Z 114, &= §t(j’k) and f)T(f)) = D(Tl’Q) (v1). With the above notations,

; =2Tjét11 {(Ta+2zio1) <0<Tq}.
t=1

Because Dp(®) is a piece-wise constant function, which implies that D () takes discrete
values in each compact open set, it suffices to show that for any compact set B C R% and
any 0 > 0, there are open neighborhoods V' (01),---,V(9y) of some vy, -, 0y such that
BcC U?ZIV(ij) and

P <U§:1 {vei‘gl(fﬁj) Dr(v) < DT(@‘)}) <9, (B.78)
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for sufficiently large 7.

Let {Z4(2;),5 < J(¢)} be J(¢) closed equal-sized cubes with the side-length ¢ such that
Z_1,1, the support of the distribution of Z_; 1, can be covered by the union of {Z4(2;),j <
J(¢)}, and the center of the cube Z,4(Z;) is denoted as Z;. Construct (2m + 1)J(¢) sets
{Vij, l=—m, -+ ,m,j < J(¢)} CRN as

Vig={B€R" 11— < £"0_1 <vp +,V2 € Z4(%))},

where ¢ > 0 and v, = kv for k € {—m,---,0,--- ,m}. Since Z_; ; is a compact set, which
implies that the range of 2"¥_; is compact for any compact B, the union of {V},;} can cover
B by selecting sufficiently large m.

Because D7 (%) is piece-wise constant, a discontinuity of Drp(d) can potentlally occur
in U;Vy; only if there exist v, € U;Vy; and (T'qy, , Z;. ) for some ¢, € {1,---, T’} such that
Tq. = ZT vy, satisfying v, — 1 < T'q. < yk + 1. If there is such (7'g, , Z,;.), we say DT( v)
has a breakpomt in U;V};. Define By = | swhere Z =sup.cz |, veB 2",
as an upper bound on the number of breakpomt of Dp(®) in B, and let B = |{i: J; <
Z}|, where J; = Zin:l & with {&;}2°, being i.i.d. unit exponentially distributed variables.
Because the point process induced by {T'G;,t € {1,--- , T} : g > 0} weakly converges to the
point process induced by {7; } 72 1 as shown in the proof of Lemma B.2, by the continuous

mapping theorem, we have Br 4 B. Therefore, the number of breakpoints Br = Op(1).

We now show the breakpoints are separated, namely, no more than one breakpoint can
happen in U;V},; with probability arbitrarily close to one if 1 is sufficiently small. Let A,
to be the event that D7 (%) has more than one breakpomt in U;Vy;. Relabelling {7'G;,t €
{1,---,T}:q >0} as {TJ;r} such that 0 < Jip < Jor < ---. Then, because the point pro-
cess corresponding to {G,t € {1,---, T} : ¢ > 0} converges Weakly to that corresponding
to {J;}2°,, according to continuous mapping theorem, for any finite &k < T,

Bz Ter) S (Fuse 5 Ti)- (B.79)

Define A to be the event that DT( ) has more than two break-points in U;V};. Since U Ay,
happens if at least one pair (J(;—1)r, Jir) for some i < Br satisfying Jir — J(;i—1)r < 29,
we have

limsup P(UgAg) <limsup P {2 mln (jo Ji-1)r) < 2¢}

T—o0 T—o00

<limsupP {zgignl((jﬁ —Ji-1r) < 2¢} +P(Br > K)

T—o00

(4)

2<i<K

(i4)
<4/2, (B.80)

where (i) is by (B.79), (ii) is by taking K sufficiently large such that P(B > K) < §/4, and
taking ¢ sufficiently small such that P {ming<;<x (J; — Jii-1y) < 2} < 6/4. The latter is
possible since by definition J; — J(;_1) = £;—1 has independent unit exponential distribution.
Hence

. - ) — : ) 1 _ o 29(K-1)
IP’{2I§]%1§11K(‘7Z -7(11))<2¢} P{legnK&_1<2¢} 1—e ,

which converges to 0 as (K — 1) — 0.
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We construct centers vg; in V}; such that
v — Y < ,ZNIT{)_ij <yp—v+n, Vz€ qu(ij),

where 1 will be set sufficiently small in the next step. Depending on 7, we will set ¢ suffi-
ciently small as well to satisfy the above constraints. Note that the left-side hand of (B.78)
can be decomposed as

P(uj,k{ inf b(v)Sf)T(fykj)}) < limsupP{B(n)} + limsup P(U,A;), (B.81)
T—00 T—00

VEVi; (Drj)

where B(n) is the event that {J;r,i < K} are separated, and at least one of Jir € [vg, —
Y, v, — 1 + ] for some k; € {1,---, K'}. The bound (B.81) holds because D(v) can only
jump if J;r increases, implying that

Uk { inf ﬁ(v) < ﬁT('lNka)} N (UkAk)c = B(?])

vEVi; ()
Due to (B.79) and the fact that {7;} have a bounded density, we have
limsupP{B(n)} = O(Kn) <d/2, (B.82)

T—o00
by choosing 7 sufficiently small. Combining (B.80)—(B.82) completes the proof for Lemma
B.3. O

B.9. Proof of Lemma B.4.

PROOF. Let fn(v) = > 2janl(v € Fy;), where {a,; € R}, are jump sizes and
(F,; € Rd}g’io are non-overlapping level sets. Let fn(v) =3 2,il(v € Fy;) be the as-
sociated jump process. Note fn has a jump with size 1 at the boundary of each level set
F,i. Let the limiting piece-wise constant function be fo(v) =Y o0, aoil(v € Fy;), whose
associated jump process be fo(v) = Y2y il(v € Fy;). For any compact set E, we define
I,(E)={i:F,;,NE ¢ 0} and Io(E) = {i: Fo,; N E ¢ (0} be the index sets for the level sets
of f, and fj that have intersections with F, respectively. Let the argmin sets of f,, and fy on
the compact set F be G, and G|, respectively.

Step 1. Convergence of level sets.

We first show the convergence of the level sets { F,;,i € In(E)} to { Fo;, i € I,(E)}, using
the epi-convergence of the jump processes { fy, }. For any interior point v; in Fp;, which
is a continuous point of fy and fg, let g > 0 be any sufficiently small constant such that
N (vj;e0) C Fo,;. By a similar argument to that used in the proof of Lemma B.3, there exists
some v} € N'(v;;€0) such that f,, and f,, are asymptotically equi-lower semicontinuous at v/,
Since we have { fn} epi-converge to fo, by applying Theorem 7.10 of Rockafellar and Wets
(1998), we have the pointwise convergence f,,(v]) — fo(v}) as n — oco. Let 0Fp; = Fo; \
Fy; be the boundary of Fy; for each i € Io(E), where sets Fy,; and Fg,; are the closure and

interior of I ;, respectively. Then we can find infinitely many v € Fg; with inf, cor, , [[v —
v'|| = e, such that f,(v) — fo(vlz i. This together with the connectness of F}, ; implies
that F§%~ C F,;, where F3%~ = Fy; \ {v € Fy;,infycor,, |[v — v'|| < eo}. Similarly we

can find infinitely many v € E \ Fy; with infyeor,, [|[v — v'|| = €0, such that fa(v) —

o (v) # i. It means that for each sufficiently large n, there is a jump of f,, in the region {v €
E :infyepp, , v —v'|| < eo} around the boundary of Fy; for each i € I(E). Therefore, we
obtain |I,(E)| — |Io(E)| as n — oo. Also, since g( can be taken arbitrarily close to 0 and
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p1(0Fy ;) = 0, where (1 is the Lebesgue measure, for each 1 < i < Ny and each sufficiently
large n, it holds that |1(v € F,;) — 1(v € F;)| — 0 almost surely under the Lebesgue
measure.

Step 2. Convergence of the argmin level set.

We now show the minimzed set of f, converges to that of fy. Let Fp;, be the level set
on which fj attains its minimum. By the condition that &g ; # £ ; if @ # j, such i, is unique.
Hence Fj ;. = Go. Note that unlike the proof of Theorem 1 of Knight (1999), applying Theo-
rem 7.33 of Rockafellar and Wets (1998) can only ensure G,, C G asymptotically. However,
such result can be strengthened by utilizing the piece-wise constant property of f,, and fy.
From the above paragraph, it has been shown that each level set F;, ; of f,, converges to Fj ; of
fo. As argued in the previous paragraph, for each i € Io(E) we can find v; € Fy ;, such that fj
is continuous at v; and { f,,} are asymptotically equi-lower semicontinuous at v;. Hence the
epi-convergence of { f,,} to fo implies the pointwise convergence of f,(v;) — fo(v;) = ao,
meaning that a,; — ag,; for each i € Io(E) . Because {ag;,i € Ip(F)} is uniquely mini-
mized at i = i, for any € > 0 such that for any sufficiently large n, we have a,,;, < an; +¢€,
which means that the minimizer level set G, of f, is unique and equals to F;, ;.. This together
with the result in the previous paragraph implies |1(v € G,,) — 1(v € Gp)| — 0 for almost
surely v. The desired result (B.27) in Lemma B.4 then follows by applying the dominated
convergence theorem. O

B.10. Proof of Lemma B.5.

PROOF. By (B.24), Wr(u) can be written as Wr(u) = i (uTE[XX"1{Z €
Ri(v0)}w; — 2uj H; ), where

T
1
H,7=— X l{Z; € R; .
i \/T; 1etl{Z; € Ri(vo0)}
Let @ € R? with [la| = 1. Also let Hq;r = a"H;r and 0 ; = a"¥;a”, where %; =

E[X XTe?1{Z € R;(y0)}]. Then with Assumptions 1.(ii) and 3.(i), by the martingale cen-
tral limit theorem (Hall and Heyde, 1980), it holds that U;%Hw-;p i> N(0,1). Hence, by

the Cramer-Wold device, we obtain H; 4N (0,%;), which implies that Wz (u) 4 W (u).
Since the stochastic component of Wy (w) is linear in w, the stochastic equicontinuity of

Wr(u) can be trivially proved. Hence W & W in £ (B).

We now show the asymptotic independence between W (u) and Dp(v). For indepen-
dence observations, it can be readily proved by the characteristic function approach used in
Yu (2012), which however may not be suitable for the dependence case. In this proof, we
employ the device established in Hsing (1995), which can be used to show the asymptotic
independence between the extreme type and sum type statistics for the mixing sequences. We
notice that while the original results in that paper were for univariate random variables, they
can be extended to multivariate cases with essentially the same proof.

As in Part 1 of the proof of Lemma B.2, we write Dy (v) =37, 2o k)eSD) ﬁ(j’k) (ﬁl(]Tk)

;U1

where Nl(j}k) is a point process defined in (B.46) and 7, (ilk) is a continuous functional. There-

(

fore, it suffices to show the asymptotic independence between Nlj}k) and Hg ;7 for any
a € RP with |la|| =1,1€ {1,2},(j,k) € S(I) and i € {1,--- ,4}. If one has

P {Ha,z',T/Ua,i,t <2, NUP(F)=k,1<i< s}

).
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“P(Hasr/0ass <) B {RED(E) = k1 <0< 5} +o(1), (B.83)

for any x € R, positive integer s, non-negative integers {k;};_,, and non-overlapping sets
{F; = (Fh, Fy, F3i)}5_, € (1), where £(1) is the basis of relatively compact open set in E}
as used in Part 2 of Section B.7, then ﬁl(]%k) is independent with Hg ; 7.

First, we verify Conditions (2.1) and (2.2) of Hsing (1995). Let ¢; = (T'q1.t, Z 1,14, Ct(j’k))
and By ; = F;for1 <i<sand By 1= ﬁleBc .. Then,

limsupTP((: ¢ Brsy1) < hmsupZTIF’ (¢t € Bryi)

T—o0 T—o00
i=1

=" u? (Bry) < o, (B.84)

where the equality is due to (B.49). Hence, Condition (2.1) of Hsing (1995) is ensured. In
addition, Condition (2.2) of the same paper also holds, since

hm limsup P {U (¢ ¢ Br,s+1)|¢1 & Brost1}

=00 Too

= lim limsup P{UL (¢t ¢ Brs41) N (G € Brsi1) }
[500 T—o0 P(¢1 ¢ Br,s+1)

= lim limsup @

=00 T 00 O(T_l)

where the denominator part is from (B.84) and the numerator is derived in the same way as
in (B.51).

We now show the desired (B.83) with similar arguments as in Theorem 2.2 of Hsing
(1995). Let ¢z = (C1,--- ,¢r)". For any A = (Ay,---, Ar), the notation (7 € A stands for
¢t € Ay foreach 1 <t <T, and (r ¢ A otherwise. Let By = {B = (By,---,Br)}, where
each By € {Br 1, -+ ,Brsy1} foreach 1 <t <T. Also we let

T

B’T:{BGBT:ZH(BFBT,Z-):/@, for1§i§s}.
t=1

By such constructions, we have

{UBeB(CNT € B)} N {Nz(ffk)(BT,i) =k, 1<i< S}

(l) (39)
DUpen (GreB) 2

Also, we note that (i) implies that

0 <P{ Hoiir/oai <o, NI (F) =i 1 < i <5}
-P {Ha,i,T/Ua,i,t <z, Ugeg,(gT c B)}

gp{méeg(g}géé)}. (B.85)

With the fact that the events {(Cr ¢ B)} Bep are disjoint, repeatedly applying Theorem 2.1
of Hsing (1995) leads to

P{ azT/O'a,zt<33 N(J’k)( ) k’l,1<2<8}
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(Z“ Z P{ azT/Uazt <z CT S B} +0(1)
Bep
(E)P(Ha,i,T/Ua,i,t < ac) Z P <§T S B) + 0(1)
BeB
=P(Hair/0ait < x)P {Ugeg,(éT € B)} +o(1)

OP(Hy i1/00:s < )P {NEP(F) =k 1 <i <5} +o(1),

where (iii) is because of (B.85) and (2.3) in Theorem 2.1 of Hsing (1995), (iv) is implied
by (2.4) in the same theorem, and (v) is due to the equivalence relationship (ii). Hence,
(B.83) is now verified. Since the above derivations hold for any a € RP with [ja| =1,
le{1,2},(4,k) € S(I) and i € {1,---,4}, we complete the proof for the asymptotic in-
dependence between Wr(w) and Dr(v). O
APPENDIX C: PROOF FOR SECTION 4 AND ADDITIONAL ALGORITHMS

C.1. Proof of Theorem 4.1. The following proof is for Theorem 4.1 on the validity of

the MIQP.

PROOF. Let the criterion function of the MIQP be

T 4 p 2
V() = %Z ( Z ZXt,ifk,i,t> ;

t=1 k=1 i=1
where £ ={{};;:k=1,---,4,i=1,--- ,p,t =1,--- ,T}. The constraints of the MIQP are
1. BreB, ~;¢cl,
2. gj+€{0,1}, I;+<{0,1},
3. L; <pr;i<Uj,
4. (gt — DMyt +e€) < Zjyvj < gjtMjy,
5.(0). TpeLi <Lz <I+U;,
5.(43). Li(1 —Ips) < Bryi—liie < Ui(1 — I y),

6. Ikt<3()gjt+(1—s )/2, I’”>Z{ gjt—i— 1—3k)/2}

for k=1,---,4,5=1,2,i=1,--- ,;pand t =1,--- ,T. Define g = {g;+: j =1,2,t =
L\ T, Z={lxy:k=1,---,4,t=1,--- T} The solution of the MIQP is denoted as
(8,7,9,Z,£) = argming . , 7, V7 (£). ) ) ) )

To prove the theorem, it suffices to show that (i) My (0) = V(£), where 8 = (¥, 3")";
(ii) V7 (£) > My (8): and (iii) M (8) > V1 (£).

Proof of (i): It is sufficient to show that
2

4 2 4 p
(Yt = XIB1;(Z7 A, Z;,m)) = (Yt >3 Xt,izk,i,t> N (R ))
k=1 1=1

k=1
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We show that £y, ; s = Br,i 1k (Z7 71, Z3 ¥2). I 11(Z7 71, Z3 72) = 1, then by Constraints
2 and 6, we have I, ; = 1, which implies that Zk,i,t = B;“ If ﬂk(Ziﬂl, Z{t*’yg) =0, then by
Constraints 2 and 6 we have Ij, ; = 0, which implies that Z;m’t = 0. Combining the two cases
verifies {j, ; s = ﬁk’i]lk(ZlTjt'_yl, Zit’?g) for each k, i, t, which implies (C.1).

Proof of (ii): Note that

Vi (€) = My (0) > M () = My (8),
T(£) 7(0) Bfﬁfﬁeg 7(0) 7(0)

where the first equality is by (i) and the last equality is by the definition of 0.

Proof of (iii): Define Zkzt = Bk’ifk,t, where fk,t = H?Zl sgk)fq\j,t and g; = 1{Z7~; > 0}.
Then by definition MT(é\) = VT(Z), where £ = {Zk”} If (B\,ﬁ, c/l\,@ satisfy Constraints
1-6 above, then by the definition of £, we have VT(E) > Vr(£€) and hence, (iii) can be veri-
fied. Constraints 1-3 are ensured by the definitions. For Constraint 4, note that if Zﬁfyj > O,
then by definition g;; = I (Z +¥j > 0) = 1. Constraint 4 becomes 0 < Z7 fyj < M;r
SUp~er, | Z; Y|, which is satisfied. When Z;~; <0, then gj¢ = 0. Condition 4 becornes
—M;s—e€ < Z; t'y] < 0, which holds for any e > 0. Hence, Condition 4 is verified. For Con-

dition 5, note that if T, kt = 1, then Ek,@t = Blm- by its definition, which meet the requirement

in Constraint 5 (i) and (ii). Otherwise, if fk,t =0, then Zk” =0, and Constraints 5 (i) and (ii)
are satisfied. For Constraint 6, it is ready to verify that

2
}:{ G+ (1= s /% gII G50 < PG50+ (1= M) /2,
Jj=1 Jj=1

~

for any g1 4,92+ € {0,1} and sg ),82 € {—1,1}. In summary, (,@ﬁ/,(/f,f) satisfies Con-
straints 1-6, implying that

My () = Ve (£) > Vo (£),

which proves (iii). Combining parts (i), (ii) and (iii), we obtain MT(é) = Mr(8), which
completes the proof of Theorem 4.1. O

C.2. Block coordinate descent. The MIQP presented in Section 4 of the main paper
may be slow when the dimension of X; and the sample size 7" are large. As an alternative,
we present a block coordinate descent (BCD) algorithm.

Iterate the following two steps until max;<j<4 HB\ZH — B\ZH <.

Step 1. For each given Bs, solve the following mixed integer linear programming (MILP)
problem:

T 4
1 ~
min =SS {(X7BY? - 2 X[ B} I (€2)
t=1 k=1
Y er]? gj7t€{071}7 Ik,t€{07]—}7

(956 — D)(Mjt +€) < Z7 vk < gjaMje, TipLi < Cpip < Ii1Uss

subject to (C.3)

(k) 1— s = 1— s
Ty <57 g1 + s Ay > ZZ; S gt T +1-1L,
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fork=1,---,4,j=1,2,i=1,--- ,dyandt=1,--- ,T. Let the solution be °*1.

Step 2. For the given 4°*1, obtain

3t = [BEr{ X, X[ 1(Z; € Ry(F* )Y 'Er{V; X, 1(Z; € R(3°HY)}.

REMARK C.1. The advantages of the BCD compared with the MIQP are that the op-
timization with respect to -y in each iteration is a linear programming instead of quadratic
programming, and that for 3 in each iteration has a close form solution. Therefore, the
BCD can significantly reduce computation cost. However, unlike the MIQP presented in the
main paper, there is no theoretical guarantee for the global optimality of the solutions of the
BCD. For the BCD, the specification of the initial value 6 is important. In practice, it can
be obtained from a grid search procedure, or we can use the output of the MIQP after several
iterations as the initial value for the BCD.

The following Table S1 reports the comparison between the joint MIQP algorithm pro-
posed in Section 4 of the main paper and the block coordinate descent algorithm presented
in Section C.2. The sample was generated according to

4

Y= ZXtT'BkO]lk(ZlT,t'Yloa Z2T7t’720) +e& t=1,---.T
k=1

where X; = (X7, 1)" with X; = (X14,-++,Xp_14)" and Zj; = (Z7,,1)" with Z;; =
(ZjagsZja—14)" for j = 1,2, and the residuals ¢; = o(Xy, Z;)e; with o(Xy, Zy) =
14+0.1X 127t + 0.1Z12717t and {e;}]_, being generated independently from the standard normal
distribution and being independent of {X;, Z;}L |. Let V; = (X}, Zit, Z%,t)T' We gener-

ated {W}?:l 1}\51 N(O, Zv), where Xy = (Uij)i,jzl,m,? with o;; = 1 and 05 = 0.1if 7 # 4.
We considered two sets of dimensions for X; and Z;. For p = 4 and d = 3, the regres-
sion coefficients of the four regimes were 810 = (1,1,1,1)", B2 = (—3,-2,—1,0),830 =
(0,1,3,—1)" and By = (2,—1,0,2)", and the two boundary coefficients ;9 = (1,—1,0)"
and ~20 = (1,1,0)", respectively. For p = 10 and d = 6, the regression coefficients of
the four regimes were 319 = (1,1,1,1,1,0,--- ,0)", 820 = (—3,—2,—1,1,0,--- ,0), B39 =
(0,1,3,—-1,1,0,---,0)" and By = (2,—1,0,2,1,0,---,0)", and the two boundary coeffi-
cients 10 = (1,—1,—1,—1,0,0)" and ~90 = (1,1,1,1,0,0)", respectively. The simulation
experimented four sample sizes: {200,400, 800, 1600}, and the experiments were repeated
500 times for each sample size. The initial values for the BCD were set as the outputs of the
MIQP after 5log(T) iterations. The stopping criterion parameter was specified as = 1074

Table S1 shows that the estimation errors of both ~ and 3y obtained with the BCD were
slightly larger than those with the MIQP, while their discrepancies were shrinking as 7" in-
creased. The running time of the BCD, on the other hand, was significantly shorter than that
of the joint MIQP, especially when the dimensions and sample sizes were large, because of
the reasons we discussed above and in the main paper. Therefore, it is advocated to use the
iterative BCD for large dimensions and sample sizes. However, it should also be noted that it
is crucial to choose a good initial value for the BCD for its success. In the above simulations,
we used the outputs of the MIQP after several iterations to ensure the quality of the initial
values, as poor initial values can lead to large estimation errors.

C.3. MIQP for the three-regime models. The MIQP algorithms are not only suitable
for solving the LS problem of the four-regime segmented regression but can also be extended
to other segmented regressions. In Section 7.2 of the main paper we have reported simulation
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TABLE S1
Empirical average estimation errors ||yg — 7|2 and ||Bg — B||2 (multiplied by 10), and running time (in
second) obtained with the joint MIQP algorithm and the block coordinate descent (BCD) algorithm. The
numbers inside the parentheses are the standard errors of the simulated averages.

p=4,d=3 p=10,d=6
. MIQP BCD MIQP BCD

¥ B Time Y Jc] Time ¥ Jé] Time ~ Jé] Time

200 1.00 6.02 65.3 1.13 6.03 7.7 3.15 10.93 149.1 3.31 11.17 10.0
0.59) (1.15) (11.3) 0.62) (1.14) (1.2) (1.83) (2.40) (15.3) (1.88) (2.49) (1.9

400 0.51 4.08 364.1 0.59 4.11 14.3 1.59 7.78 583.6 1.66 7.85 239
(0.31) (0.76) (27.9) (0.28)  (0.79) 3.1 (0.92) (1.51) (40.1) (0.98) (1.63) (6.4)

800 0.25 2.84 1157.7 0.27 2.85 48.9 0.78 5.20 1817.3 0.82 5.31 69.0
(0.15) (0.49) (53.2) 0.14) (047 (7.0) 0.41) (0.82) (89.4) (0.43) (0.84) (11.4)

1600 0.13 2.00 2792.2 0.14 2.00 162.4 0.38 3.61 4502.9 0.40 3.67 208.1
(0.07)  (037) (162.0) | (0.07) (038) (12.1) | (0.19) (0.57) (217.5) | (0.18) (0.58) (21.4)

results under segmented models with less than four regimes to compare the four-regime es-
timation under misspecifications with the estimation with correctly specified models, where
the corresponding MIQPs for less than four regimes models were applied. In this subsection,
we present MIQP formulations for the three-regime models with and without intersections.
The MIQP for the two-regime model was proposed in Lee et al. (2021).

(i) MIQP for the three-regime model with non-intersected boundaries.

Let g={gj+:j=12,t=1,--- T}, T={l;:k=1,23t=1,---,T} and £ =
{lrit:k=1,2,3,i=1,--- ,p,t=1,---,T}. Consider solving the following problem

L T 3 p 2
ﬁ,g};?llf ; <Yt - ;;Xi,tfk,z‘,t> )
BreB, ~;el, g¢;:€{0,1}, I, €{0,1}, L;<Br;<Us;
(g0 — D(Mj1+€) < Zjvj < gj.eMjs;

9iiLli <lji < g50Us,  IopLy <Ulo;y < Ip,Uj;

Li(1 = gjt) < Bri — Ljir <Ui(1—gje);

Li(1—1Is) < Boi—Vlair <Ui(1—1Iay);

subject to

Li<gii, Ioi<1—g2s, Iot>g14— 924,
fork=1,2,3,j=1,2,i=1,---,pandt=1,---,T.

(i1) MIQP for the three-regime model with intersected boundaries.

Let g={gjs:j=12t=1,--- T}, T={l;;:k=123t=1,---,T} and £ =
{lyit:k=1,---,3,i=1,---,p,t=1,---,T}. Solve the following problem:

T 3 p 2
. 1
a3 (S ) e
9 9. Y Y t:l

k=11i=1
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(BreB, ~;el;

g+ €{0,1}, Iz, €{0,1};

L; < B <U;

(9j0 — DM+ €) < Zjvj < g5, My
subjectto ¢ g1+ L; <l1;t <g1,:Uss T Ly < Uiy < 114 U;
Li(1 = g14) < Bri —l1ip SUi(1—g14):

Li(1 = Iny) < Brii — lryiy <Ui(1—Ipy);

Iy <1—g1s, DIi<1—gos, I2:>1—g14—9go4;

I3 < g1t, 134<1—g24, I342>911— 9oy,
fork=1,2,3,7=1,2,¢=1,--- ,)pandt=1,---,7T.

APPENDIX D: PROOFS FOR SECTION 5

In this section, we analyze the validity of the proposed smoothed regression bootstrap for
the inference of the boundary coefficient v and the regression coefficient By. Our proofs
include two parts. In Section D.1, we presents some conditions for a general bootstrap pop-
ulation, under which the consistency of the bootstrap is shown. In Section D.2, we verify
the proposed smoothed regression bootstrap satisfies these conditions, and hence establish its
consistency.

D.1. Sufficient conditions for a consistent bootstrap for the segmented regressions.
Given a sample Dt from the model of segmented regression (2.1) of the main paper, suppose
the LSE for 3( obtained with Dy is ﬁ = (Bf, e ,,@E)T, and the centriod of the LSEs for ~q
is 4¢. To simplify notations, in this section we use 3 for 4¢. Let @ = 7, ,@) The model to
generate the bootstrap resamples is

4

Y=Y X"Bil{Z € Rp(7°)} +e, (D.1)
k=1

where (X, Z,¢) ~ @h, which generate the bootstrap population that mirrors the population
distribution [Py that generates the original sample Dy. Let {Y;*, X, Z*}™" be a bootstrap
resample from (D.1), we denote by @2 as its empirical measure. The LSEs obtained with the
bootstrap resample are 6" = (¥*, B*) such that

Qi {m(W.07)} =min Qj {m(W".6)}

mr 4
U *_ * * 2
=min - ;[Yi {; X/ Bel(Z; € Ry(v)}*.  (D2)

Let the bootstrap LSE set for + be @*, whose centriod is denoted as 4*.
The sufficient conditions for a consistent boostrap for the segmented regressions are listed
as follows.

(C1) [Consistency] 0 — 0.
(C2) [Moment conditions] limsup;_, .. Qp (|| X||*) < oo and limsup;_, ., Qp(e*) < cc.
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(C3) Qn(eqlX, Z) =0and Qu(ed) — Po(e?).
(C4) Suppose that U(X, Z) is a function of (X, Z) with Po{|U (X, Z)|} < oo, then

sup |Qu{U(X,Z)1(Z € R)} —Po{U(X, Z)1(Z € R)}| — 0. (D.3)
RCZ

(C5) There exist some constants §; and ¢; > 0 such that for each [ =1 and 2 and any € €
(0,61), it holds that Q{1 (|q| < €)|Z_1,;} > cie almost surely.
(C6) There exists some constant r > 8 iuch that for each [ = 1 and 2, there e/zcists a neighbor-
hood N for 9 such that sup. e, Qr([| X ||"| 2]y = 0) < oo, infyen; Qn([| X || Z]y =
0) > 0 and sup. -, @h( "|Zy =0) < oo.
(C7) Foreachl € {1,2}, as T — oo the following hold.
(i) Let f 7, be the dens1ty function of Z; under Qh and fz, be the density function of

Z; under Py, then HfZl fz |00 = 0;
(ii) For each (j,k) € S(1),

@h { it )|QI,Q =0, Zfl,l} — Py {eitg(j'k) a1 =0, Z,l,l} almost surely. (D.4)
(iii) Under Qy,, the conditional density fgéj”“’\(ql,Q,Z,l,l)(£|q’ z) and ]?:;L,Q\Z,L, (q|z) are

continuous at ¢ = 0 and bounded by some 0 < I’ < oo forany { e Rand z € Z_1;;

The following Lemmas D.1-D.5 will establish that under Conditions (CI)—(C7), the
asymptotic distributions of the bootstrap estimators are the same as that of the estimators
obtained with the sample Dr. The proofs essentially mimics that in Section B, while re-
qu1re careful verification for the validity of replacing (IPy, y) with its bootstrap counterpart

(Qx,0).

LEMMA D.1. Assume that Assumptions 1-5 and Conditions (C1)—(C4) hold, then o L
6o.

PROOF. First, we show supgco Qn {m(W,0)} — Py {m(W,0)}| — 0. For any 6, un-
der Qp, where Y = Zk 1 X"B1{Z c RA)} +e.

Qu{m(W,6)} = Qu(=d)

W{XT (B — B AP @)1 ()] + Y Qul{X™(8; — Br) AP ()19 (v)]
k£

4
> Qul
k=1
4
+23 QuleX™(Br — B 1P @)LW ()] + 2> QuleX™(8; — Br) 1™ ()19 ()]
k=1 k#3j
=:Ag + BLQ(O) + Bng(G) + CLQ(B) + CQQ(H), say.
Similarly, under Py where Y = Zﬁzl X7*3,1%) (v0) + &,
Po{m(W,0)} = Py(c?)

4
+ ) Po[{X" (B — Box) 1P (o N+ Po[{ X" (85— Bok) 1P (7)1 ()]
k=1 k#£j
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4

+2) Pole X (B — Bow) 1 (v0) 1P ()] + 2D Pole X (85 — Bop) 1® (70) 19 (7)]

k=1 k#3j
=:Ap+ Bl’p(a) + Bg7p(9) + CLP(B) + CQ7P(9)7 say.

Therefore, it suffices to show that Ag — Ap,supgee |Big(0) — B;p(0)] — 0 and
supgee |Ci0(0) — C; p(6)] — 0 for i = 1,2. The first part Ag — Ap is because of Condi-

tion (C3). Denote B g(0) = Ei:l Bi i and By p(0) = Zé:l B i,p- Then for each k,
using the triangle inequality, we obtain

|B1k,(0) — B1x,p(0)] < D1(0) + D2(8) + D3(8), (D.5)

where

D1(0) = |Qu[{ X" (Br — Br) 1 ® (F)1P ()] — Qu[{ X" (Br — Bow) 12 1H (F)1P (4)]|,
D1(0) = |Qu{ X" (Br — Bo.k) 1P F)1F) (7)) — Qul{ X" (B — Bo) 1P (40) 10 (v))]

Dy(6) = |@u1X" (81 ~ o)1 (30) 10 ()] ~ B[ X7 (B~ Boa) 1O (o)1 W ()]
For Dy (8), it can be bounded by

{XT(ﬂ;€ — @;)}2 —{ X" (B — ﬁo,k)}2|

)

sup D1(8) < sup Qy,
0co 0co

—sup @ {7 (28 B Bos) } { (B0 B}

S\/@h{XT <ﬁo,k—5k Sup\/@h Xr Qﬂk—ﬁk—50k>}2, (D.6)

6co

where (D.6) converges to 0 is because its first term converges to 0 by 3o, — ﬁk and Cauchy-

Schwartz inequality, and its second term is uniformly bounded since lim sup; Qj, {Ix*} <
oo and © is compact. For D1 (6),

Ds(0) <Qi {X" (B = Ao’ 10(7) {1 (5) -1V (30) ||

\/@h [{XT(,Bk — Bo,k)}ﬂ \/@h {|1®)(F) — 1) (50) (D.7)
where the first term on the right-hand side is uniformly bounded and the second term
converges to zero by the dominated convergence theorem and 4 — ~q in (CI), we have
supgee D2(0) — 0. For D3(8), let §; be the i-th element of B, — By k., then

Dy(0)< > 805 |Qn { XX, 1P (90)1 @ ()} = Po { XX, 19 (90) 1 ()}
i,5€[p]
By the compactness of ©, d;0; is uniformly bounded. Then from (D.3) in (C4), we obtain
supgce D3(0) — 0. By (D.5) and triangle inequality, supgcg | B1,k,0(0) — Bix,p(0)| — 0.
Summing accross k results in supgcg |B1,g(0) — Bi1,p(0)| — 0.

With the same argument as above except for replacing 3y by B; and 1) (~) by 10)(~),
we can show supgcg |B2,g(0) — B2,p(0)| — 0. Similarly, using the above decomposi-
tion argument and with Conditions (C2), (C4) and (Cl), it can be readily shown that
supgee |Ci0(0) — C;,p(0)| — 0 for i = 1,2. Combining the above pieces gives

sup Qu {m(W,0)} — Py {m(W,6)}| — 0. (D.8)
€
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Because (i) @71 is the empirical measure of @h, (i1) @h {supgece m(W,0)} < co by the
condition (C2) and the compactness of ©, and (iii) F = {m(w,0),0 € O} has a finite VC-
dimension, the Glivenko-Cantelli theorem implies that

sup |0 (m(W*,0)} ~ @ (m(W,0)}| ©>0. (D.9)
(S
Consequently, from (D.8) and (D.9) we have
sup ‘@;; (m(W*,0)} — Py {m(W, 9)}( 0. (D.10)
S

Because of (D.10) together with the facts that @ — Py {m (W, 0)} is continuous and 6y, is the

unique minimizer of Py {m(W,6)} as established in Appendix B, it follows that 6* L 0,
using the similar arguments as in Section B.2. O

LEMAMA ]/)\.2. Assume that Assumptions 1-5 and Conditions (CI1)—(C6) hold. Then
V(8" — B) = Op(1) and mp(¥* — ) = Op(1).

Proof. From Lemma D.1 we know that 3* — 3 = op(1) and 4* — « = 0,(1). The proof of

the convergence rate of ,@* and 4* is analogous to the proof of ,(/3\ and 7 in Appendix B.
First, because of the conditional zero mean condition of € in (C3), we can decompose

Qu {m(W,0) —m(W,0q)} as

4
Qu{m(W,0) —m(W,00)} =>  Qul{X"(8; — 8,)}*19(3)19)(v)]

j=1
4 4
+3 N QWX (Bg. — Br)* 1D (F) 1P (4)]
1=1 k+#i
4 4 4
=) J20)+> D Ga(6), say. (D.11)
j=1 i=1 ki

Because 4 — ~g and (D.3), it can be shown that
sup sup @ { X, X1 FH1O ()} - Po { X X190 (9019 () }| 20, ©.12)
i,j€p] vET
following similar arguments as for Dy EG) and D3(8) in the previous lemma. Since the small-
est eigenvalue of Py { X X1 (50)1) ()} is uniformly bounded away from 0, (D.12) im-

plies that the smallest eigenvalue of Qy, {X X719 (5)10) ()} is uniformly bounded away
from 0 if -y is in some neighborhood of g, for 7' > Ty with some Ty > 0, because the entry-
wise convergence of matrices can imply the convergence of eigenvalues, which can be easily
seen from the perspective of characteristic polynomials. This implies that

T2 (6) > 118; — 851,
forje{l,---,4} and T > Ty.
With Conditions (C4) and (C5), which imply that Assumptions 3.(ii), 4.(i) and 4.(iii) hold
when replacing P with @@y, the moment inequalies in Lemma A.2 hold under the bootstrap

population Q. Then, with the same argument as in Step 1 of the proof of Theorem 3.1, it
can be shown that for any ~ in some neighborhood of 7,

J2(0)+ T2 (0)

5 + G2, (0) + G, (0) 2 (18 — Bull* + 1Bk, = B> + 1% =)
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where k; and ¢; are defined the same as in Appendix B, which further implies

Qi {m(W,0) —m(W,00)} 2 18— BI> + |7 — I, (D.13)

for 4 in some neighborhood of 4.
Let G = \/m7(Qj), — Qp). By inspecting the proofs of Lemmas A.4—A.6, we notice that
these lemmas can be established once we have the moment inequalities outlined in Lemma

A.3, whose conditions hold if we replace the population Py by @2 Therefore, we can replace
Gr in Lemma A.6 by G%,, under Conditions (C4)—(C6). Then, with the same arguments as
in Step 2 in Section B.4, we obtain

18* = BI? + 17* = A S 18* = Bl0p(1) +4XF* = Fl| + Op(m7"),
for any A € (0,1), which implies that ||3* — B|> = O,(mz'), and thus ||7* — 7| =
Op<m51)- O

We now proceed to derive a result similar to Lemma B.1.

LEMMA D.3. Assume that Assumptions 1-5 and Conditions (C1)—(C6) hold. Then uni-
formly for h = (u™,v")" in any compact set in R¥P+di+dz,

. -
mT@h{m<w ,B+m,v+m)—m(W,B,7)}
—Dj(v) — 23 () + 0p(1), (D.14)

where

Wi(u) =3 [m@; {u;XEQnU)(&)} +ulQp {XXTIW)@)} uy} 7

j=1

and

Di(v) = Z Z mrQj, [58”“)11 {sl(j) (mrag+ 2% wv_1;) <0< sl(j)mqu,QH ;
I=1 (j,k)eS(1)

with €5% = (83, X X 81 +2X "8 {1903) + 10 )},

where gjk = Bj — Bk» a,Q = Z]'A1, S(1) is the set of indices of adjacent regions split by the
I-th hyperplane as defined in (3), and sl(]) = sign(2") for z € DY) (~y) as defined in (2).

Proof. The left-hand side of (D.14) can be decomposed in the same way as (B.32) in the proof
of Lemma B.1. It is noted that Lemma B.1 is established by showing the decomposed terms
in (B.32) besides D7 (v) and Wrp(w) all converge to 0 in probability with the application of
Lemma A.5. With Conditions (C4)—(C6), Lemma A.4 holds with G replaced by G7.. It can
be derived with similar lines of the proof of Lemma A.5 that

sup  /mrQ (U [15(5) — 1 (va)| 1Li(n) — Li(F)|} = 0p(1),

lvi—ve. lI<mz?

sup  mrQpA{U[L;(v;) — Lj(vo )l [Li(v) — Li()[} =o0p(1),  (D.15)
Vi —ve s lI<mz!
lvi—vq . lI<mz*
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for U = || X||? and U = |eg]|| X ||. Then, the above lemma can be proved by following the
same arguments as in Section B.6. O

LEMMA D.4. Assume that Conditions (C1)—(C7) hold. Then the finite-dimensional weak
limit of D.(v) is the same as D(v) as presented in Lemma B.2.

Proof. The derivation of the finite-dimensional weak limit of D}.(v) is in parallel to that of
Dr(v) in the proof of Lemma B.2.

First, as (B.48) in Part 1, D7.(v) can be expressed as a sum of functionals of some em-
pirical point processes. For each [ € {1,2} and (j,k) € S(I), we define an empirical point

process Nég p )T( -) € My(E;), where B} = Ryo x 211 x Ras:
NG (F) = me@ [1{mrae. 210,657 e F | (D.16)
for each F' = (Fy, Iy, F3) € E. Then D}.(v) can be expressed as

i:§:7” (NG1)- (D.17)
=1 (j,k

where the functional 7'(] "™ is defined in (B.47).
g (:%)

Second, we derive the weak limit of NQ LT s in Part 2 of the proof of Lemma B.2. The two

ingredients are the calculation of the limit of @h { 8 PT } , which is required in Kallenberg’s

theorem, and the application of Meyer’s theorem. First, for any F' = (Fy, Fy, F3) € &, the
basis of relatively compact open set in Ej, we claim that:

lim @ {NGJ) } =P (F), (D.18)

T, mr—00

where the mean measure u(j k) is defined in (B.50). This can be shown as below. Note that
Qn {Ng p T} —mrQp []1 {(mTQZ,Qv ~1 175(]’ ) € }]
ﬂw/ T (g, 2,€)dqdzde
mrqelF,z€F,£€F3

_ / 7@ ( z,§> dqdzde,
deFl,z€F2,§€F3

where f’g’j) (g,2,&) is the joint density function of (¢ ¢, Z_l,l,fQi’j)) under Q. The claim
(D.18) can be verified as follows.

/ 759 (L 6) iz
GEF,zEF> §EF, mr

q = q = -
= fetm <§ ,z> foolZ 1 < z> fz ., (2)dqdzd¢
ééFl,ZGF%EGF& § (@0 Z-10) ‘mT aelZ-1, mT| ' ( )

(i 7 ~ x -
42/~ ff(Qj’k)|(qLQ7Z71,l) (f‘O,Z) fq:,Q‘Z_Lz (O|Z) fz_l,l(z)dqudé (as mr — OO)
€F,z€F5,EE€F:

:/~ - " @h {é‘(@,k) & F3|q17Q = 0, Z—l,l = Z} ..ff\(/]l,,Q|Z_1,,, (O’Z) fZ—l,l(z)d(jd’z
qEl,z€l>
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D[ RN e Rla=0.200=2} iz, 02 fz, (Midz (asT o)
€F1,z€F2

—/ feang,z 1) (€10,2) fa1z_,, (0] 2) fz_, ,(2)dGdzdE
~€F1,Z€F2,§€F3

"
=" (),

where (i) is implied by the dominated convergence theorem because of the continu-
ity and boundness of f€8 D (gronZ ) (&lg, z) and quQ|Z 1l(q|z) at ¢ = 0 as assumed

in (C7). For (ii), since the characteristic function of §Q |quQ,Z_1,l under Qh con-
verges to that of £(41)|g, Z_1; under Py, then O, {g(g,k) € sl o=0,Z_1, :z} —
Py {E(M) ERlq=0,Z_4,;= z}. In addition, it is easy to see that

‘flql,Q‘Zle (O|Z) fZ—l,l(z) - fqz\Zﬂ,z (O’Z) fZ71,z<z)‘ —0

sup
zZ€EZ_q,

as T — oo, due to Hle — fz,||lco — 0 assumed in (C7). Then (ii) follows from the dominated
convergence theorem.

Since observations under @h are i.i.d., for any F' with ,u(] ’ )(F) > (0, Meyer’s theorem
implies that

tim Q{1 (NG} =0)} = e, (D.19)

mr—ro0

For F with ,ul(j’k)(F) =0, (D.19) also holds, since in such the case (D.18) implies

Qn { éf)T(F)} — 0 as T — oo, which further implies that Q, < 1 { <N8 f)T = 0> } =1=
(5.k) (4.)

e=m""(F) Since w7 is the mean measure of NlJ introduced in Part 2 of the proof
of Lemma B.2, with the statements (D.18) and (D.19), Kallenberg’s theorem (Lemma A.7)

implies that for each | € {1,2} and (j,k) € S(I), we have N l)T = N( " in My(E;) as

mr, T — 0o. Therefore, N(Q l)T has the same weak limit as Nl(]Tk).

As derived in Part 3 of the proof of Lemma B.2, the point process Nl(j *) has the repre-
sentation (B.55). By inspecting Part 4 of the proof of Lemma B.2 which shows the asymp-

totical independence of (Nl(ka 1e{1,2},(5,k) eS8 (l)), we find that to show the asymp-

totical independence of ( gf)T,l e{1,2},(4,k) € S(l)), it suffices to show that (B.59)
holds if P is replaced by Qj,, which is indeed true since 1fz — fzlloo — 0 and the uni-
form boundness of f(y, 4.)1(z_.,.,z_, ,)(¢;¢') at aneighborhood of (0, 0) implies the uniform
boundness of f (@osar N Zr i Z 111 (q,q’) at the neighborhood, which ensures (B.59) holds

when replacing PP is replaced by Q. The rest arguments in Part 3 of the proof of Lemma
B.2 obviously hold under Qj, and Q7, since the observations under P are weakly depen-
dent and the observations under Q; are i.i.d. Therefore, the asymptotical independence of

(Né2 1ol €{1,2}, (G, k) € S(l)) can be established.

As for adapting Part 4 of the proof of Lemma B.2, it is sufficient to verify that (I)—(III)
therein hold under Q. Let

Ror=T4" (Ngf)T) and Ror.a = ; 9 (@, 2)dNG (2, 2).
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For (I), the arguments, which is mainly the continuous mapping theorem, for showing
Rp nr = Ro, v also implies R 7 v = Ro,w, since the probability of discontinuities is eval-

uated under the distribution of the limiting process Nl(j k) For (IT), with the notations in (II)
in Part 4 of the proof of Lemma B.2, we first have

|Ro.r — Ro.rl =mr Q@ {[€11 (1€] > M) 1 (mragu + Z71v-1; <0< mraqu) }
—mrQ(Go(M)), say. (D.20)

~ NV
With Condition (C4) we have Qy, { ‘fég’k)‘ |Z]y = 0} < C for some C' < o if ~ is in
some neighborhood of 4; and each [ € {1,2}. As in (B.74) it can be readily shown that @h
Qu €11 (€] > M) | Z7y =0} =O(M ). (D:21)

Using (D.21) and with the similar arguments as in the proof of Lemma A.4 (i), we can show

that which implies Qy, {|G¢(M)|} = O((Mmz)~1), which implies Qs {|Rg,r — Ror,m|} =
O(M~1) due to (D.21). Then

lim limsup@h {‘RQyT — RQ,T,M‘ > 6} — 0,
M—=oo 7400

for any € > 0 according to the Markov inequality, which verifies (II). Since (III) in
Part 4 of the proof of Lemma B.2 is for the truncation error of Ry = 7;(] k) (Nl(j%k)»

U1
which is regardless of Py or @h, it also holds under the bootstrap scenario. There-
fore, with (I)—(III) and by applying Theorem 4.2 of Billingsley (1968), Rt g = Ry

as mr,— 00, i.e., T(j’k) (Ng k)T) = ﬁ(f,lk) (Nl(]}k)) Because it has been shown that

(Né2 1ol €4{1,2}, (5, k) €S (l)) are asymptotically independent, we conclude that

L
=> > TP (NGir) = >y K SO (NE) o)
1=1 (j,k)es(l) I=1 (j,k)eS(l
as mp, T — oo, where the right-hand side of (D.22) is identical to that of (B.77), which is
the weak limit of Dy (v), the proof is completed. O
Let 4*¢ = C(G*) be the centriod of the LSEs 4* obtained with the bootstrap resample.
Let L7, be the distriAbution of {mp(¥*¢ —5°), /mr(B* — B)} and L1 be the distribution of
{T(H° — %),VT(B — Bo)}- The s.e-l-sc of {D:.} can be obtained with the same proof as
for Lemma B.3. With the same arguments as the proof for Theorem 3.3, we can establish that
L’ has the same limiting distribution as that of L7, which implies the following result.

LEMMA D.5.  Assume that Conditions (C1)—(C7) hold, then p(L%., L) — 0 as T, mp —
o0, for any metric p that metrizes weak convergence of distributions.

D.2. Proof of Theorem 5.1.

PROOF. To show the validity of the smoothed regression bootstrap, we just need to verify
Conditions (C1)—( C7) hold with the probability approaching 1, condltlonally on the data
(Wi = (Y, X, Zt)}t 1> where under the bootstrap distribution Qp, the bootstrap sample
(X*, Z*) ~ F(x, z), whose density function is the nonparametric density estimator f(x,2).
First, under Assumptions 6.(i) and (iii), we have || f(x, 2) — f(x, 2)||cc = 0p(1), as a standard
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result in kernel regression estimation (Gyorfi et al., 1989 and Hansen, 2008). Conditioning
on (X*, Z*), the noise ¢* ~ 6(X™*, Z*)e*, where e* ~ F, which is independent of f(x,z).
The bootstrap response is generated from

4
Y* =) (X*)"Brl{Z" € Re(3)} +c5y. (D.23)

k=1
Condition (C!) is a direct consequence of Theorem 3.1. Let f =/ f x,z)dz and f(x)

be the density of X under Py. Then we have || f(x) — f(x)|ls converges to 0 in probability,

which is implied by | f(x,z)—f (x,2)]oc L, 0 and the dominidated convergence theorem.
Therefore, Qp (|| X |[4) = [ ||x||*f(x)dx converges to Py(|| X ||*) < oo by the dominidated
convergence theorem, which verifies the first condition in (C2). For the second condition of
the boundness of @h(€4), we notice that by the independence of F, and f(x, z),

Qu(eh) = / (X, Z)e" f(x, z)dxdzdF,(e), (D.24)

which is O, (1) because of (v) of Lemma D.6, the uniform boundness of &(x, z) and f(x, z),
which are also compactly supported. Therefore, we conclude that (C2) holds in probability
approaching 1. Because ¢ = 6(X, Z)e, where e ~ F, is independent of (X, Z) and has a
zero mean, it holds that Qy, (¢|X,Z) = 0. As a standard result in local linear regression,
Assumptions 6. (i) and (ii) imply [|5(x, 2) — 0(X, 2)||co L, 0, which together with (iv) of
Lemma D.6 leads to Q, (€2Q) S Py (c?). Therefore, Condition (C3) holds in probability. Be-
cause (X, Z) has a compact support and || f(x, z) — (X, 2)]| oo Lo, applying the dominated
convergence therorem yields that (D.3) holds in probability. Therefore, (C4) is ensured.
To show (C5), we first note that for any [ € {1, 2},

f(IIQuZ—l‘l(q7Z) fq;,Zq.z(q’Z) P
s — : 0, D.25
o) daam | O

for g and z uniformly. Since f,,|z_, ,(g|2) is bounded for each z € Z_;; and ¢; in the neigh-

quQ|Z—1.z (q|z) - fQI|Z—1,L(q‘z)‘ =

borhood of 0 as required in Assumption 5. (ii), (D.25) implies that fqu olZ_..(q|z) is bounded
in probability. Then using the dominated convergence theorem, Condition (C5) can be shown.
Assumption 6. (i) requires that X' x Z is compact and implies that fx|z is bounded. Hence,
for any finite r,

0 r| 7T ™ Ix zZ,\X, 2z
On (1X | 27y = 0) = / Il (27 = 0) X200 2) g
XxZ le z
L Py (| X||"| 27y =0), (D.26)

by the dominated convergence theorem. With the consistency of 4 and Assumption 4, (D.26)
implies the first two conditions in Condition (C6). Since

Qn (5T|ZIT7:O):/RJ:Tdﬁe(x)/X Z 5(x,2)1(z"y = O)fxlegz)dxdz,

using Lemma D.6 (v) and Assumption 6. (ii) ensures that Qj, (e"|Zy =0) < oo for the r
specified in Assumption 4 (iv). Hence, Condition (C6) is verified.
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For (C7), (i) is a direct consequence of ||f(x,z) — f(x,2)]|o 2,0, For (ii), recall
that £ = (E;kXXTSjk +2X78,,5(X, Z)eQ) {10(3) +1®)(F)}, to emphasis it is

-~ -~

a function of (X, Z, e, 0), we write 58’“ =¢(X,Z,e,0). Then,

@h {eitgg,w ’CIl,Q —0, Z,Ll} _/eité(x,z,eﬁ)ﬂ(ZT:h _ ())fXLZIEX’Z)dXdzdﬁe(e)
zZ,\Z

£> / eitf(x,z,e,ag)]l(zT,le — 0) fXJ;Zl E)z())z) dXdZdFe(e)
Z,

=Po {e""" la= 0,21, (D27)

by Lemma D.6 (i) and the dominated convergence theorem. Therefore, (C7) (ii) holds in
probability. Finally, for (C7) (iii) we note that for each [ € {1,2},z_1; € Z_1;,¢ € R and
e > 0, there exists 6 > 0 such that if |¢| < 4,

|fq,\Z_1_,;(Q|Z—1,l) - fq,\z_l,l(O’Z—l,zH

2
< Nz 61 Z10) = fazo @Gl Z )|+ iz (A Z10) = fayz_, (01 Z-10)],
i=1
where q; = g and g2 = 0. With (D.25), which shows the first term of the right-hand side of
the above inequality is 0, (1), and Assumption 5. (ii), which implies that for any ¢ > 0, there
exists § > 0 such that the second term is less than ¢ provided that [g| < d, it can be shown that
fa1z_..,(q|Z-1;) is continuous at 0 for each z_1, in probability. Similarly, the continuity

of ffg’”\(qm, Ziu)(f |g, z) can be shown. Hence, Condition (C7) holds with the probability

approaching 1. Finally, with Conditions (C/)—(C7) verified, Theorem 5.1 follows by applying
Lemma D 4. O

LEMMA D.6. Let F, and . be the distribution function and characteristic function of
e, respectively. Then under Assumptions 1-6,

(i) for any n >0, supj¢|<,, {‘fexp(if:p)dﬁe — 4,06({)‘} Lo;
(ii) || — Felloo =5 0;
(iii) [ |z|dF.(x) L Py (le
(iv) f:EZdF\e(SU) Egp
(v) [ a"dF.(x) = Op(1), where 1 is specified in Assumption 4.

);

PROOF. (i) Let Fr. be the empirical distribution function of {et}thl. Note that
/ exp(i€x)dEL (z) = exp (—iter) Pr fexp (i€6)}
Hence, for any || <n with n > 0, we have
‘/exp(ifx)dﬁe —exp (—i&er) / exp(i€x)dFre(x)

=[Pr {exp (i€er) } — Pr {exp(i§e:) H < [n|Pr ([ex — et]) - (D.28)
We claim that
Pr (& — er]) 20, (D.29)
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which will be shown later. Then (D.28) implies that

- {' [ expliga)aF. - exp (—iger) [ explign)arr. (v)

1€1<n

} 2o, (D.30)

and Lemma D.6 (i) follows from the facts that e = P (e;) i 0, and
. . P
‘Sup [P {exp(ifes)} — Po {exp(ifes)} — 0
§I<n

by the ULLN under mixing sequences.
It remains to verify the claim (D.29). For notational simplicity, we denote 7, := 6 (X, Z;)
and oy := 0(Xy, Z). Then supy <;<7 |0y — G¢| = 0p(1) by Assumption 5.(ii). Note that

Y- xiBY (3)

o
&
|

5
S X7 (B - Bi0) 10 WG X XX (B: - Bio) 11" ()15 5)
O’t at
+”t; % oyt ey = Eys + Fos + Fss +cr, say. (D.31)

t

Denote E;QT =Pr(|Eg¢|) for k= 1,2,3. Then to show (D.29), it suffices to show Ek,T 0
as T" — oo. For the first term Fq 7 , we have

Fur §§:PT X7 (B~ Bjo)a 1 ()17 3)
2 )
L ]X (B 80) || &y [ IXallIB; — Bl
2P om S;PTH o1t op(1) }
=0,(T~1?), (D.32)

since oy > ¢ > 0 and Hﬁj — Bjoll = O,(T~/2). For the second term Es 7, it is op(1) if for

each i # j € {1,---,4}, ]P’T{‘XtT (Bi—ﬁjg> ]1§ (7 ) ( )/at‘}—op( ), which can be
shown as

X7 (8- B0) 1) ()1 (3)

ot

}+PT{'Xt(sz]0]l()(7O) (])( )

gt

Pr

SPT{‘XE(B}\_ Bio)

gt

3

where the first term is O, (T -1/ 2) from the same reason as for (D.32). For the second term,

X76,501" (70)1 = {thm\a ol N }
IP iJ, i, -1
T{‘ E o+ on(1) 117¢(vi0) — Lie(0)| ¢

U
¢ —1
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which is O,(T~!) because of (A.20) in Lemma A.4. Therefore, we obtain EZT =
O,(T~/2). For the third term s 7, it holds that

2

) Pr(e7).

)< (

Since Pr(e?) = Op(1), and |0y — 74| = 0,(1), 01 < o uniformly for ¢t € {1,---, T}, it yields
that E3 7 = 0p,(1). Combining with (D.31), it yields that for any ¢ € {1,--- ,T'}.

Ut—Ut Ut—Ut

E3T—PT<

Ut Ut

Pr(é; —ei|) < Byvp + Ear + Esp = 0,(1), (D.33)

which verifies the claim (D.29), and thus completes the proof for (i).

(ii) By Levy-Cramer continuity theorem, (i) implies that F,(z) = F.(z) + op(1) for any
x € R. Then (ii) follows from the continuity of F¢ and Polya’s theorem.

(ii1) Note that

\ [ Ild. (@) B e = P 1 — 0] ~ )

~ _ P
SPT(‘et — €t|) + ‘€T| — O,

implied by (D.29) and ép = Pr(e;) L, 0. Because P (let]) =Po(le]) + op(1) by the weak
law of large numbers, the conclusion (iii) follows.

(iv) Since [22dF.(z) = Pr (€7) — (er)? = Pr (€}) + 0p(1) and Pr(e}) = Po(e?) +
op(1) =1+ o0p(1), to show (iv) it is sufficient to show that Py (€7) — Pr(e7) = 0p(1). From
(D.31) we have

e —ei=(B14+ Foy+ E3)* +2(E1 s + Bay + Es ey, (D.34)
which implies that
[P (67) — Pr(e})| <Pr ([&} — €f)

3 3
<3 Pr(E7) +2,|Pr{(D_ Ei)?}/Pr(e?)
=1

i=1

3 3
<3 Pr(E},) +2,(3) Pr(E2)\/1+0p(1),
=1 i=1

by the C, and Cauchy-Schwartz inequalities. Therefore, Py (€7) — Pr(ef) = op(1) if

Pr(E?,) = o,(1) for i = 1,2,3. Since this can be shown in the almost same way as for

showing Pr(|Eit]) = 0p(1) in the proof of (i), we omit the detailed proof here for simplicity.
(v) Note that

JERCE Z( )\eTr Pr (&), (D.35)

and |erp|’ :.|IP’T(€t)|i = 0p(1) for each 1 <i <. Using the expansion (D.31) and the fact
that Pr(Je¢|") =Po(|et]*) + 0p(1), it is straightforward to show that Pr(€}) = O,(1) for each
1 < i <r. Therefore, the desired result (v) is verified. ]
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APPENDIX E: PROOFS FOR SECTION 6

E.1. Proof of Theorem 6.1. In this subsection, we present the proof for Theorem 6.1
of the main paper on the convergence of the four-regime based LS estimator under the seg-
mented models with less than four regimes.

PROOF. Suppose that the true model is
K
Y =Y X"Bul{Z € Rp(v0)} +e, (E.1)
k=1
where the number of regimes Ky < 4 and the number of splitting hyperplanes Ly < 2. In
particular, Ry (o) = 21 x 29 for the global linear model (K, = 1), the splitting coefficient
Yo =10 Or Y20 for Lo =1, and vo = (7], ¥50)" for Lo = 2.
For a candidate 6 = (v, 3), we let {R](.4) () ?:1 be the four regimes under =y, and denote

G ={v1,72} and B={B1,---,B4}. Then, the population of the LS criterion function based
on the four-regime model is

4
T 4
M(6) =E{Y - > X"8;1{Z € R’ (7)}}*].
j=1
Suppose that when the data is generated from Model (E.1) with Ky < 4, M(€) is minimized
at 0, = (v;,87)". Let G = {v1+,72+} and B, = {1, - , Bas}, representing the true pa-
rameters under the four-segment model. In the case of Ky = 4, we have shown that 8, = 8 in
Proposition 1. Now we show that when K < 4, the true parameters v and 3y are elements
of G, and B,, respectively. That is, we are to show that d(~y,G«) = 0 and d(Bo, B«) = 0 for
k =1,2. Without loss of generality, we take Ly = 1 and Ky = 2 in this proof, which makes
Model (E.1) to be the two-regime model (6.3) of the main paper. The proof for the other
degenerated models can be shown similarly.
Note that
4
T 4
M(6) =E[{Y - Y X"8;1{Z € R (7)}}"]
j=1
2 4
T T 4
=E[s?+{)_ X"Bul{Z € Re(v)} - >_ X"B;1{Z € B (7)}}*]
k=1 j=1

2 4
=E() + Y Y E[{X"(Bro — B))}*1{Z € Ry(v0) N R (7)}]

k=1j=1

2 4
=E(E)+ ) ) Apj(6), say, (E.2)

k=1j=1
where the second equality is due to E(¢|X,Z) = 0. At 6 = 0,, it can be shown that
Ay, ;(6,) = 0 for any k, j. Hence M(0,) = E(e?).

Suppose that d(70,G) # 0, namely ~; # ~o and ~y2 # 9. Then the true splitting hyper-
plane Hy : 2"~y = 0 will partition through at least one region R§4) () forje{1,---,4}. By
Assumption S2 (i) we have P {Z € Ri(vo) N R§4) (‘y)} >0and P {Z € Ra(vo) N R§-4) (‘y)} >
0. Therefore,

A1 (8) > Xol|B; — Broll®, Az2,;(8) > Xo||B; — Baol®
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according to Assumption S2 (ii). Since 319 # (B2, either Ay ;(8) > 0 or Az j(8) > 0. Con-
sequently, M((6) > M(0,) + Ay 1(0) + A; (0) > M(6,).

Suppose that d(~p,G) = 0, namely ~; = 7o or 2 = o, while d(Bg,B) # 0 for k €
{1,2}. In such case, there exits j € {1,--- ,4} such that R§-4) () C Ri(~0)- Hence

Ay, j(8) =E [{X[ (B — Bro)}> 1{Z: € Ri(70)}| = MollB; — Brol* >0,

by Assumption S2 (ii). Therefore, M(8) > M(6,) + Ay, ;(8) > M(6,).
Combining the two cases yields that

M(68) > M(6,.) forany 8 € © (E.3)

if either d(0,G) # 0 or d(Bko, B) # 0 for some k € {1,2}. Therefore, 6. as the minimizer
of M(0) must satisfy d(vo,G«) =0 and d(Bko, B«x) =0 for k € {1,2}.

Having established the minimizer of the least square criterion function under the popu-
lation level, the rest of the proof for the convergence rate of the LS estimator under As-
sumptions S3 and S4, follows the similar arguments as in Appendix B for the four-regime
case. O

E.2. Proof of Theorem 6.2.

PROOF. Suppose that the true model is given by (E.l) with the K true regimes being

{Ryo %0 1~ and the true regression coefficients are {Bro w—, respectively. Let the estimated
reglmes and the estimated regression coefficients under the four-regime model be {R(4) =1
and {,6' j 1» respectively.

Forany 1<K <4,let
St(K A
CT(K):log< T; )>+TK,

T

where Ay — oo and A\p/T — 0 as T'— oo, and

©=%"|n iXTBk {ZteR()}
=1

t=1
For 1 < K < 3, define recursively

Sp(K) = Sp(K + 1)+ DYV h),

2

where (?K+17EK+1) =argming, DSFKH)(Z', h) and

T
(K), . . T pK) | pE)y 2
D Jh :mng Y, - X/'B1{Z,c R:""UR
T (i,h) Belﬁtzl[t ¢ BI{Z, i h }]

-3 x78{1{z, e Ry

M’ﬂ

t:l k=i,h
(K) (K)
in — Ly s say.

First, we claim that for K > K, for each 1 < h < K|, there exists an index set QELK) C
{1,---, K} such that

]P’{Zt € Rpo Auiegimégm} =O(TY)and max |8 — B | = 0,(T/?). (E4)

zGQ
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We will prove the claim recursively. Specifically, we are to show that if (E.4) holds for K =
K, then it also holds for K = K — 1, by showing that the index pair for merged reglmes (i,h)

from the K -segments model to the (K — 1)-segments model satisfies (i, h) € Qk for some
1<k<K.

We start with K = 4, where (E.4) is ensured by Theorem 6.1. For the case of K = 3, we
now show that D;l) (i,h) < D(4)( Jh')if {i,h} C Qk for some 1 <k < Kgand {i/,h'} ¢
Q,(f) for any 1 < k < Kj, which implies that the selected merged regimes leading to the

submodel with K = 3 are ﬁf§4) and ﬁgf) which are asymptotically contained in the same
regime Ry.
Case (1). If two indices {ix, hy} C Q(4), with some standard algebra, we can obtain

D (i, hye) =S, — T, =Hr(RY) =, He(RY),

i P ig,h

where

Hy(R() = {1, - Gr(R")G L WVTEr {.X1(Z € RY) |} and
=r=Gr(R[)) - Gr(B)G 1 Gr(R(Y),

with Gr(R\Y) = Er[X, X[ 1{Z, € R\"}] and Gy = Er[ X, X[ 1{Z, € Ryo}] for each

1<k<Kjand i€ Q,(:l). Using the martingale central limit theorem and the uniform law
of large numbers, it can be easily seen that

DS (i, hi) = 0p(1), if {ig, hi} € QWY foreach 1 < k < K. (E.5)

Case (2). If the two indices {i,h} ¢ le) for any 1 < k < K. Suppose that i € Q§4) and
he le), for some 1 <7, h < K. Then Theorem 6.1 implies that that P{Z; € }§§4) \ R} =
O,(1/T), 85 — BZH = O0,(1/V/T), and the same consistency also holds for ﬁ;:l) and 3,.
Then standard algebra leads to
T;p/T =Er[e21{Z; € RY UR™}] 4 0,(1), and (E.6)
Sin/T =Exlef1{Z, € R URYY] + 83, \Gr(R)Gr(RY),) " Gr (R85, + 0,(1).

where GT(ﬁié)h) =Er[ X X[1{Z, € §§4) U ]§§L4)}]. By Assumption S2 and the ULLN,
the smallest eigenvalue of GT(}A%§4))GT(}A%§&)_1GT(§EL4)) is asymptotically bounded away
from some constant \; > 0. Since &;;, , = B;, — B, 7 0 as required in Assumption S2, from

(E.6) we obtain
D (i, h) = Sip = Tip = Op(T), if {i,h} ¢ QY forany 1<k < K. (E.7)

This together with (E.5) and (E.7) implies that the optimal regime merger from K =4 to

K = 3 is the pair of regimes that are contained in the same Q,(f) for some 1 < k < K.
Hence, (E.4) with K = 3 is verified. Using the same argument the claim (E.4) with K =2
and 1 can also be established, respectively, provided that K > K.

(E.4) implies that with some relabelling,

P{R") A Ry} = O(T ") and||Byo — B = Op(T~/?), (E.8)

for each 1 < k < K. which reveals that the back-elimination procedure consistently esti-
mates the true model, if it can be shown that P(K = Ky) — 1 as T'— oo.
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We now show that P{Cr(K) < Cr(Ko)} — 0 when K # K, which ensures the model
selection consistency.
(i) First, if K < Ky, by the definition of C(K), we have

St(K) Ar(Ko— K)
ST(K0>> ST } (E9)

As Ap/T — 0, to show the above probability converges to 0, it suffices to show that

P{Sr(K) > Sp(Ky)} — 1. Note that (E.4) means that \QgKO)] =1 for each 1 < h < K.
Similar to (E.7), it is straightforward to show that Dng) (i K, h k) >0 foreach 1 < K < K,
meaning that any under-segmented models have increased sum of squared residuals. As
Sp(K) — Sp(Ko) = YK 1o DS (i, hy.), we have P{S7(K) > Sr(Ko)} — 1, which im-
plies (E.9) converges to 0 as Ay /T — 0.

(i1) If K > Ky, meaning that the K -regime model is over-segmented, we have

ST(K0)> Ar(K — Ko) }

P{Cr(K) < Cr(Ko)} =P {log <

P{CT(K) < CT(KO)} =P {log <

Sr(K) T
_p { ST(@?K)%’(K) ST (67”””‘{“) - 1) } . (E.10)

and Sp(Kp) = Sp(K) + ZszKUH D:(ch)(’zk,ﬁk). Because of (E.5) we have Sp(Kj) —
Sr(K) = O,(1). In addition, S(Ko)/T = Er(e?) = O,(1). By the Taylor expansion,
T (e 1) = O(Ar) — oo. Hence, the probability in (E.10) converges to 0, .
Combining Cases (i) can (ii), we have P{Cr(K) <Cr(Kp)} — 0 if K # Kj. Since
K= argmin, < g4, C(K) and 1 < Ko <4, it implies that ]P’(I? = Ky) — 1as T — oo. This
together with (E.8) completes the proof. O

APPENDIX F: AUXILIARY ASSUMPTIONS

F.1. Sufficient conditions for some assumptions. In this part, we provide some suffi-
cient conditions for Assumptions 2.(i), 3.(ii), and 4.(i).

ASSUMPTION S1. (i) For each [ € {1,2}, let q; = Z" ;. There exists some j €
{1,--+,d;}, such that for almost surely Z_1, the conditional density f, |z, (q) is contin-
uous at ¢ =0 and fy, |z, ,(0) > co for almost surely Z_1;, where cy is a positive constant.

(ii) For each [ € {1, 2}, there exists ¢; > 0 and j € [d;] such that the conditional density
fa1z_,.(q|z) < c1 for almost surely ¢ € R and z € Z_ ;, where Z_; ; is the support for the

distribution of Z_1; and is a compact set in RA—1

(iii) For each [ € {1,2}, there exist some j; € [d;] and ¢ > 0 such that the condi-
tional density f(q17q2)|(zfj1‘hzfj22)(ql,qzlzl,zg) < ¢y for almost surely (g1,¢2) € R? and
(21,22) € Z_j, 1 X Z_j, 2, Where Z_j ; is the support for the distribution of Z_;, ; and is a
compact set in R4~ for each € {1,2}.

The following lemma shows that Assumption S1 implies Assumptions 2.(i), 3.(ii), 4.(i)
and 4.(iii).

LEMMA E.1. (i) Under Assumption S1 (i), there exists some constant §1 > 0, if € < 0,
then P(|q| < €|Z_1;) > coe/2 almost surely, implying Assumptions 2.(i) and 4.(i).
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(ii) Under Assumption S1 (ii), there exist some positive constants do and ¢y such that
if v1,v2 € N(vi0;02), then IP(Z]y1 <0) =P(Z]v2 <0)| < c3||v1 — 2|, which ensures
Assumptions 3.(ii).

(iii) Under Assumption S1 (iii),there exist some positive constants 3 and co such that
if v1,72 € N(710500) and 73,774 € N(20,02), then P(Z{vy1 <0 < Z{~2,Z5v3 <0 <
Z3~4) < ca|lv1 — Y2llllvs — vall, which ensures Assumptions 4.(iii).

PROOF. (i) The continuity of f, ,|z_, (¢q) at ¢ =0 in Assumption S1 (i) implies that there
exists 01 > O such that f,, 1z | (|g]) > fqz_,,(0) — c1/2 > ¢1/2. The assertion then follows

from P(|q| <€|Z_;;) = f; falz_..(@)dq.
(ii) Let A;(y) = Z; (vio — 7). Then for any ~1,v2 € N (705 61), where 61 < do/B,

Ai(v2)

P{Zv1>0> Zy} =P{Ai(m) <q <Ai(v)}=FEz_,, {/A o
(7

Jalz_., (Q)dq} :

Let M > 0 be the constant such that ||z| < M for all z € Z_;; and let 6; = 69/M,
which ensures [|A;(y)||c < do wWhenever v € N (;01). It is then straightforward to
see that P{Z"v1 > 0> Z'v2} < ciM||v1 — 72| Similary, P{Z"v; <0 < Z"~2} can be
bounded in the same way. Since |P(Zv1 <0) = P(Zv2 <0)| =P{Zv1 > 0> Z v} +
P{Z~v1 <0< Z]v3}, the desired result follows.

(iii) It follows from the similar argument as in (ii) and thus is omitted. ]

F.2. Assumptions for degenerated models. The following assumption adapts Assump-
tions 2-4 of the main article for the segmented regression with the number of regimes Ky = 4
and the number of splitting hyperplanes Ly = 2 to the degenerated models with 1 < Ky <3
and 0 < Ly < 2, which include Model (6.1)—(6.5) in the main article. Let (Y, X, Z) ~ Py.
Suppose the data generated from a model

Ko

Y =) X"Bwl{Z € Rp(v0)} +5¢, (F.1)
k=1

where the number of regimes 1 < K < 3 and the number of splitting hyperplanes 0 < Ly <
2. In particular, Ry(7p) = Z1 x 2, for the global linear model (K = 1), the splitting coeffi-
cient g = 10 or y20 when Lo = 1, and vy = (7]y),¥3p)" When Lo = 2. We use Ly C {1,2}
to indicate the indices of the splitting hyperplanes. For instance, if the true model has two
hyperplanes then £y = {1,2}; and if it has only one hyperplane Hoy = {23720 = 0} then
Lo = {2}. The following assumptions are needed for Theorem 6.1.

ASSUMPTION S2. For each i € Ly and k,h € {1,---, Ky}, the following conditions
hold. (i) If Ly = 2, then Z; and Z; are not identically distributed. (ii) There exists a j € [d;]
such that P(|¢;| < €|Z_;;) > 0 for almost surely Z_;; for any € > 0, where Z_j;; is the
vector after excluding Z;’s jth element. Without loss of generality, assume 7 = 1. (iii)
For any v € 'y x I'y, if P{Z € Ri(vo) N Rn(y)} > 0, then the smallest eigenvalue of
E{XX"|Z € Ri(v0) N Rr(v)} > Ao for some constant \g > 0. (iv) If (k,h) € S(i), then
|Bko — Brol| > co for some constant ¢y > 0, where S(i) is defined in (3).

ASSUMPTION S3. (i) E(Y*) < oo, E(|| X||*) < 0o and max;e, E(|| Z;||) < oo. (ii) For
eachi € Lo, P(Z]v1 <0< Z]v2) < c1||y1 =2l if v1, 72, € N (7i0; do), for some constants
dg,c1 > 0.
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ASSUMPTION S4. (i) For i € Ly, there exist constants d1,co > 0 such that if € € (0,0;)
then P(|g;| < €|Z_1,;) > coe almost surely. (ii) For i € Ly, there exists a neighborhood
Ni = N (703 02) for some 3 > 0, such that infyecp; E(|| X ||| Z7~ = 0) > 0 almost surely.
(iil) If Ly = 2, then P(ZTvy1 < 0 < ZT~2,Z5v3 <0< Z3~v4) < c3llv1 — Y2l |3 — vall
for some constant c3 > 0 if 1,72 € N7 and ~3,v4 € Ns. (iv) For some constant r > 8,
sup,en; E([| X [|"[Z{y = 0) < 0o and sup,epr, E(e"| Z v = 0) < oo almost surely.

APPENDIX G: EXTENSION TO GENERAL SEGMENTED REGRESSIONS

In this section, we discuss the extension of the proposed four-regime segmented regression
to general segmented regressions with more than I = 2 splits. The range of numbers of
regimes split by L hyperplanes is presented by the following result, whose proof can be seen
in Buck (1943).

THEOREM G.1. Suppose that there are L > 1 hyperplanes Hy = {z € Z: 2"v; =0} ,.
Then the number of regimes K split by these L hyperplanes satisfies

min(L,d)

L-1<K< Z () (G.1)

REMARK G.1. The above bound in sharp and can be attained in general hyperplane
arrangement (see e.g., Orlik and Terao, 2013). It reveals the challenges in the general seg-
mented linear regressions. First, in the large or high dimensional setting where d > L, the
right-hand of (G.1) becomes 2. It implies that each possible combination of the signs of the
{2"9i,1 <i < L} determines a specific region. Under such a circumstance, the computa-
tion burdens will be quite high in both optimization and model selection to select among the
models with 1 < K < 2L, Moreover, the increase of K can bring more risk of overfitting.

On the other hand, under the regime where d < L, the maximum number of region K.«
is ZZ 0 ( ) O(L%). The main difficulty is in specifying the model form of segmented
models , since it can be challenging to know which hyperplanes constitute the boundaries of
each regime due to the complications of hyperplane arrangements. One possible solution is
to via some data-driven method to determine the boundaries of each regime, while it brings
more computational complexity and requires further studies.

APPENDIX H: ADDITIONAL SIMULATION RESULTS

H.1. Simulations under models with less than four regimes. This section presents re-
sults for the estimation based on the four-regime model when the underlying models were de-
generated with less than four regimes. The true parameters for the degenerated were specified
in Section 7.2 of the main paper. The data generating processes for { Xy, Z1 ¢, Z2 ¢, 5t}tT:1 in-
cluded three the independence, the AR(0.2) and the MA(0.2) settings as that in Section 7.1
of the main paper. Table S2 summarizes the empirical averages of the Lo-distance between
the sets of the true parameters and their estimates under the four-regime model: D(Gy, é )
and D(By, E) In addition, to evaluate the cost of not knowing the number of the underly-
ing regimes, we also estimated - and 3y in the so-called oracle setting, in which the three
degenerated models were known to have three or two regimes and the parameters were es-
timated by the LS estimators of the corresponding models, denoted by %", BREG and
A2REG 32REG regnectively. The three-regime LS estimators were obtained via a new MIQP
algorithm presented in Appendix C of the SM, while 3?REG of the two-regime estimators
were calculated by the algorithm of Lee et al. (2021).
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~

Table S2 shows that the estimation errors as reflected by the distance measures D(Gy, G)
and D(By, E) reduced as the sample sizes 1" was increased, confirming that the parameters
of the degenerated models could be consistently estimated by the four-regime model. By
comparing D(Go,G) with ||y — F°RES|| and |vo — 5*REC|| in Table S2, we found that the
estimation errors for v based on the four-regime model were about the same as those of
A3REG or 42REG respectively, meaning that the four-regime estimators achieved similar level
of accuracy as the estimators from the models with correctly specified number of regimes,
for the boundary coefficient estimation. The reason is that the four-regime estimator can
efficiently use the data points located near the underlying boundaries as 4°RES or 42REC did.
On the other hand, Table S2 shows that the estimation accuracy for the regression coefficients
based on the four-regime model were inferior to the estimators based on the models with the
true number of regimes when the sample size was small. This was expected since the four-
regime based estimation made redundant regime partitions, and hence did not effectively used

the subsample belonged to the same underlying regime.
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Simulations under models with less than four regimes

TABLE S2
Empirical average D (G, G), D(Bg, B), which represent the Lo distance between the set of true parameters and

~3REG
B 2,

7o —

¥

3REG|
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9. or || B — B*REC |5 and

llvo — QZREGHQ (multiplied by 10) under the independent (IND), auto-regressive (AR) and moving average
(MA) settings for {Xto7 Z?,t, Zg,t}?:l of the three-regime model (a.2) and the two-regime model (b). The
numbers inside the parentheses are the standard errors of the simulated averages.

Three-regime model (a.1)

T IND AR MA
D(g07g) D(B(),B) ;Y\3REG E3REG l)(go7 g) D(BO,B) §3REG B3REG D(g()a g) D(BO,B) :)73REG B\3REG
200 0.55 453 0.53 433 0.67 4.14 0.61  3.96 0.68 429 0.66  3.99
0.26 1.24 022 095 0.35 0.82 033 084 0.30 1.15 027 0.84
400 0.30 3.09 032 295 0.30 2.85 032 273 0.30 2.84 031 274
0.18 0.72 0.17  0.61 0.15 0.67 0.17 057 0.17 0.64 0.16  0.60
800 0.14 2.24 0.16 2.15 0.15 1.92 0.15 201 0.15 1.96 0.15 1.95
0.07 0.51 0.06 048 0.08 0.47 0.08 045 0.06 0.37 0.05 0.37
1600 0.08 1.49 0.08 1.48 0.08 1.32 0.07 131 0.07 1.38 0.07 1.38
0.04 0.35 0.04 0.34 0.04 0.28 0.04 0.27 0.04 0.28 0.04 0.27
Three-regime model (a.2)
T IND AR MA
D(g07g) D(BO,B) :Y\3REG B3REG D(go7 g) D(BO,B) QSREG B3REG D(g()a g) D(BO,B) :Y\3REG @REG
200 2.08 491 209  4.64 2.29 4.58 227 423 221 4.53 225 428
(1.52) (1.09) (1.58) (1.01) (1.64) (1.08) (1.70) (0.95) (1.61) (1.05) (1.59) (0.97)
400 1.00 3.35 1.03  3.20 1.12 3.04 .13 291 1.12 3.06 1.10 291
(0.85) (0.73) (0.87) (0.71) (0.81) (0.63) (0.80) (0.63) (0.82) 0.67) (0.78) (0.63)
800 0.49 2.31 048  2.26 0.53 2.08 0.51 1.98 0.49 2.14 049  2.06
(0.35) 0.47) (0.35) (0.46) (0.39) (0.45) (0.38) (0.44) (0.35) (0.44) (0.36) (0.43)
1600 0.26 1.62 026  1.58 0.24 1.48 024 144 0.24 1.51 023 147
(0.18) (0.33) (0.18) (0.33) (0.16) (0.31) (0.17) (0.29) (0.17) (0.31) (0.17)  (0.30)
Two-regime model
T IND AR MA
D(Go.G) D(Bo,B) 3°REG BREG D(Go,G) D(Bo, B) 42REG BREG D(Go,G) D(By, B) 5?REG GREG
200 0.55 3.25 054 285 0.59 2.95 0.60 254 0.64 3.26 0.64 259
(0.44) (0.83) (0.43) (0.74) (0.45) (0.78) (0.48) (0.68) (0.49) (0.80) (0.48) (0.68)
400 0.30 2.28 030 197 0.29 2.10 0.31 1.78 0.28 2.31 0.31 1.83
(0.24) (0.59) (0.23) (0.49) (0.23) (0.49) (0.22) (0.46) (0.20) (0.54) (0.21) (0.49)
800 0.14 1.69 0.14 141 0.14 1.25 0.15 1.23 0.15 1.49 0.14 129
(0.10) (0.43) (0.11) (0.35) (0.12) (0.32) (0.13) (0.32) (0.11) (0.36) (0.11) (0.32)
1600 0.07 1.02 0.07 097 0.06 0.93 0.07  0.88 0.07 0.94 0.07  0.90
(0.05) 0.27) (0.06) (0.25) (0.05) (0.23) (0.05) (0.22) (0.05) (0.24) (0.05) (0.23)
Global linear model
T IND AR MA
D(BO, B) BGLR D(B(), B) B\GLR D(BO, B) B\GLR
200 1.81 1.33 1.48 1.22 1.87 1.19
(0.67) (0.49) (0.55) 0.47) (0.62) (0.45)
400 1.23 0.92 1.02 0.87 1.24 0.86
(0.44) (0.33) (0.37) (0.33) (0.46) (0.33)
800 0.83 0.69 0.78 0.59 0.85 0.64
(0.23) (0.23) (0.27) (0.22) (0.30) (0.22)
1600 0.62 0.46 0.51 0.43 0.54 0.43
(0.24) (0.18) (0.18) (0.15) (0.18) (0.16)
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To gain further insights on the performances of the four-regime estimates under the de-
generated models, we investigated the simulation results in more details by comparing adja-
cent estimated regression coefficients. Figure S1 displays the box plots of the squared dis-
tances between the estimated adjacent regression coefficients HBJ — B\kHQ where the under-
lying samples were generated from the three- regime model (a.2). Figure S1 shows that as
the sample size T was increased, B2|12, 182 — Bs||? and ||B4 — ,BIHZ converged to

1810 — Baol|?, 1820 — ,[330||2 and ||B30 — B10/|%, respectively, while H,@g - 64H2 decreased
to 0, 1ndlcat1ng that ,81 and ,62 were consistent estimates of 319 and B, respectively, and
both 63 and B4 converged to 339. Similar results for the two-regime model are also shown
in Figure S2, which reveals that the estimated regression coefficients under the four-regime
model could still provide consistent estimates to the underlying coefficients of the degener-
ated models.

Fig S1: Box plots for the squared distances of the estimated adjacent regression coefficient
for the three-regime model (a.2). The red dashed lines indicate the squared distances of the
true regression coefficients for the adjacent estimated regimes.
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Fig S2: Box plots for the squared distances of the estimated adjacent regression coefficient
for the two-regime model. The red dashed lines indicate the squared distances of the true
regression coefficients of the three-regression model, with ||B19 — Bao||* = 22.
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H.1 Simulations under models with less than four regimes 63

TABLE S3
Empirical Model specification results under segmented models with regimes from Kq =4 to Ko = 1 under 500
times replications. The performances were evaluated by the empirical average of the estimated number of
regimes K the discrepancy between the true regimes and the estimated regimes D(R, R) and the Lo estimation
error of regression coefficients D (13, B). The penalty parameter \ in the model selection criterion was set as
Ar € {5,51log(T),5 log2 (T')}. The numbers inside the parentheses are the standard errors of the simulated

averages.
_ _ _ 2
Model T )\T =5 /\T =5 log(T) )\T =5 log (T)
K  D®RR DBB K D®RR DBB K DRTR D®BB
0o 400 0.03 0.61 3.99 0.03 0.62 278 0.87 224
0.00)  (0.02) 0.12)  (0.08)  (0.04) 0.16)  (087)  (0.91) (1.05)
400 0.01 0.41 4.00 0.01 0.41 3.92 0.05 053
Model (2.1
(;’(;:( 4)) 400 0000 001 0.08)  (0.00)  (0.01) 008)  (027)  (0.13) (0.43)
o 00 0.01 0.29 4.00 0.01 0.29 400 0.01 0.29
0.00)  (0.00) 005  (0.00)  (0.00) 005  (0.00)  (0.00) (0.05)
eon 400 0.00 0.20 4.00 0.00 0.20 4.00 0.00 0.20
0.00)  (0.00) 0.04)  (0.00)  (0.00) 0.04)  (0.00)  (0.00) (0.04)
P 0.12 0.50 3.00 0.02 048 285 0.13 0.75
0.50)  (0.11) ©.11)  (0.00)  (0.02) ©11) (038  (0.30) (0.69)
Model 61) 400 3% 0.10 034 3.00 0.01 033 3.00 0.01 033
Ko=) 049)  (0.11) 007  (0.00)  (0.01) 0.07)  (0.00)  (0.01) (0.07)
wo 3B 0.08 0.23 3.00 0.01 022 3.00 0.01 022
047)  (0.11) 005  (0.00)  (0.00) 005  (0.00)  (0.00) (0.05)
o 33 0.08 0.16 3.00 0.00 0.16 3.00 0.00 0.16
047)  (0.11) 0.03)  (0.00)  (0.00) 0.03)  (0.00)  (0.00) (0.03)
oo 300 0.02 0.47 3.00 0.02 0.47 271 0.19 0.97
0.00)  (0.01) 0.12)  (0.00)  (0.01) 0.12)  (046)  (027) (0.80)
3.00 0.01 031 3.00 0.01 031 3.00 0.01 031
Model (6.2
(;’((‘:_(63)) 400 000y 001 007)  (0.00)  (0.01) 0.07)  (0.00)  (0.01) (0.07)
o 300 0.01 0.22 3.00 0.01 022 3.00 0.01 0.22
0.00)  (0.00) 005  (0.00)  (0.00) 005  (0.00)  (0.00) (0.05)
0 300 0.00 0.15 3.00 0.00 0.15 3.00 0.00 0.15
0.00)  (0.00) 0.03)  (0.00)  (0.00) 0.03)  (0.00)  (0.00) (0.03)
o 38 0.14 035 2.03 0.01 030 2.00 0.01 030
059  (0.11) 0.10)  (0.17)  (0.01) 0.08)  (0.00)  (0.01) (0.08)
3.54 0.13 0.24 2,01 0.01 0.20 2.00 0.01 0.20
Model (6.3
(;’(062(2)> 400 o5 1 0.07)  (0.08)  (0.01) 005  (0.00)  (0.00) (0.05)
wo 393 0.12 0.16 2.00 0.00 0.14 2.00 0.00 0.14
0.53)  (0.11) 0.04)  (0.06)  (0.00) 0.04)  (0.00)  (0.00) (0.04)
oo 350 0.13 0.12 2.00 0.00 0.10 2.00 0.00 0.10
055  (0.12) 0.03)  (0.00)  (0.00) 0.03)  (0.00)  (0.00) (0.03)
oo 293 023 037 2.00 0.02 034 2.00 0.02 034
0.80)  (0.18) 0.10)  (0.04)  (0.02) ©.11)  (0.00)  (0.01) ©.11)
Model 64) 400 280 0.20 025 2.00 0.01 0.24 2.00 0.01 0.24
Ko=) 076)  (0.18) 007 (0.00)  (0.01) 007 (0.00)  (0.01) 0.07)
w0 268 0.17 0.17 2.00 0.00 0.16 2.00 0.00 0.16
070)  (0.17) 005  (0.00)  (0.00) 0.05)  (0.00)  (0.00) (0.05)
0 20 0.18 0.15 2.00 0.01 0.14 2.00 0.01 0.14
069  (0.17) 0.14)  (0.06)  (0.03) 0.14)  (0.00)  (0.03) (0.14)
o 198 028 0.17 1.04 0.02 0.13 1.00 0.00 0.13
0.70)  (0.19) 007)  (001)  (0.00) 005  (0.00)  (0.00) (0.05)
1.93 027 0.12 1.02 0.01 0.09 1.00 0.00 0.09
Model (6.5
(;(5:(1)) 400 068) (019 0.04)  (0.00)  (0.00) 0.03)  (0.00)  (0.00) (0.03)
wo 184 025 0.08 1.00 0.00 0.07 1.00 0.00 0.07
059  (0.18) 0.03)  (0.00)  (0.00) 002  (0.00)  (0.00) (0.02)
oo 18 025 0.06 1.00 0.00 0.05 1.00 0.00 0.05

(0.64) (0.19) (0.02) (0.00) (0.00) (0.02) (0.00) (0.00) (0.02)
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H.2. Multiple solutions selected by the MIQP. In our estimation procedure, it is re-
quired to produce multiple solutions for < and then take their averages to approximate the
centroid of the least squares set G. In this part, we demonstrate the performance of such an
approximation by the following simulation.

The data generation process for {(Y;, X;, Z;)}_, was the same as the independence set-
ting as that in Section 7.1. The sample size used in this simulation was 7" = 800. The true
splitting coefficients were 190 = (1,1,0)" and 90 = (1, —1,0)", respectively. By setting the
parameters SolutionNumber = 200 and PoolGap = 0 in the MIQP solver in GUROBI, we ob-
tained 200 solutions whose objective values all attained the minimum, which ensured that
these solutions were selected from the G. Figure S3 displays that the selected values were
nearly uniformly distributed, and their averages approximated to the true values colored in
red and the center of § .

Fig S3: Distributions of the selected 200 optimal solutions for the splitting coefficients. The first
elements of 1 and 2 were omitted since they were normalized as 1. The true values were indicated
in red, and the averages of the multiple solutions were indicated in green.
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APPENDIX I: ADDITIONAL CASE STUDY RESULTS

The following Table S4 reports basic summary statistics of the involved variables in the
training and testing sets.
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TABLE S4
Sample means of the training and testing sets of the meteorological variables. The numbers inside the
parentheses are the sample standard deviations and the numbers inside the square brackets are the sample
correlations with the covariates and PM2 5.

Season | PMy5 | TEMP DEWP  PRES WD IWS  log(BLH) RAIN
Training sets
4831 | 1587  -1.47 1008.09  3.51 5.89 5.39 0.09
Spring (49.00) | (8.05) (9.40)  (6.78)  (1.28)  (8.95) (1.79) (0.84)
[-0.21] [0.22]  [-0.10] [0.06] [-020]  [-0.25]  [-0.06]
3870 | 27.34 1646 99876  3.40 4.27 531 0.46
Summer | (27.08) | (4.41) (5.50)  (434)  (1.33) (7.53) (1.62) (2.70)
[0.01] [052] [-0.12] [0.02] [-0.19]  [-0.10]  [-0.01]

49.93 15.42 5.82 1013.51 3.14 3.99 4.87 0.15

Fall (36.19) | (9.34) (9.81) (8.00) (1.43) (7.43) (1.53) [1.99]
[0.04] [0.26] [-0.25]  [-0.07] [-0.19] [-0.12] [-0.07]

58.77 0.07 -14.62  1021.05 3.26 4.89 4.58 0.00

Winter (56.65) | (5.03) (7.07) (6.68) (1.29)  (8.46) (1.56) (0.01)
[-0.03] [0.57] [-0.40] [0.11]  [-0.27] [-0.33] [-0.01]
Testing sets
54.99 16.87 0.82 1005.28 3.64 11.59 5.46 0.09
Spring (42.81) | (6.33) (10.29)  (6.09) (1.24)  (20.94) (1.74) (0.84)
[-0.28]  [0.54] [-0.571 [-0.011 [-0.33] [-0.04] [-0.02]
41.61 26.96 17.16 997.93 3.31 4.95 5.41 0.32
Summer | (29.42) | (3.95) (4.16) (3.33) (1.28)  (8.08) (1.50) (1.21)
[0.06] [0.57] [0.30] [0.07]  [-0.29] [-0.02] [-0.01]

37.71 13.75 4.25 1014.92 3.25 4.50 4.89 0.17
Fall (32.64) | (7.74) (10.71)  (6.06) (1.40) (11.34) (1.47) (1.79)
[-0.09] [0.16] [-0.12]  [-0.16] [-0.15] [-0.11] [-0.02]

56.48 -0.31 -14.61  1021.99 3.18 5.09 4.67 0.01

Winter | (83.69) | (4.14)  (6.51)  (4.86)  (1.25) (7.75) (1.56)  (0.08)
[-0.15] [035] [-036] [0.05] [-022] [-032]  [-0.02]

Table S5 reports some important statistics of each estimated regimes for the four seasons,
including thes ample sizes, the fitting RMSEs and the sample means of PM 5 and the regres-
sion covariates of the estimated regimes.
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TABLE S5
The sample sizes, the fitting RMSEs and the sample means of PMo 5 and the regression covariates in the four
seasons. The numbers inside the parentheses are the sample standard deviations of the sample means above
them. RAIN was not included in seasons except for summer since their precipitation was rather sparse.

T | RMSE PM25 | TEMP DEWP PRES log(BLH) RAIN
677 | 155 109 10067 5.6
1] 119 | 104
“00) | 55 @1 (5.9 (13)
E 615 | 159 26 10066 5.0
£ 120793 127
& 57) | 88 (70)  (6.6) (1.7)
237 | 159  -105 10106 5.9
3528 | 106
@30 | 74 @1 ®65) (1.8)
619 | 286 236 9959 42 0.12
1] 180 | 94
373 | 34 w1 G2 (5.6) (0.6)
g 26 | 271 179 9986 2.7 02
El2|910| 84
E 28 | 44 29 @2 (3.2) (1.2)
161 | 271 88 10006 8.3 8.6
30343 | 47
106) | @46) (34 @3 1300 (10.1)
611 | 157 133 10113 38
1] 252 | 92
369 | 6.1 @42 G 0.9)
_ 537 | 185 94 10114 5.0
= |2 | 738 | 89
= 362) | ©1) (62 (64 (15)
374 | 102 44 10183 53
3448 | 9
G21) | ©4) 88 (9.5 (1.6)
944 | 30 97 10180 5.0
1| 288 | 163
62 | 52  ©8 (538 (1.7)
549 | 15 -162 10211 52
2104 112
5 @33) | 60) 57 (14 (17)
S 345 | 20 216 10259 43
31760 | 117
450) | 49 (66  (1.0) (1.6)
716 | 36  -162 10222 35
4157 158
(553) | @4 53 (13) (1.0)
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Fig S4: Estimated regression coefficients (indicated by dots) and their 95% confidence inter-
vals (indicated by bars) of each regime. The estimated coefficients of the Lag term were all
significantly above 0 and thus not reported in this figure.
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The following Figure S5 displays the estimated meteorological regimes on PMs 5. It shows
that in spring, for instance, Regime 1 had the highest DEWP and the highest proportion of
CV among the three regimes, which is a known condition to encourage secondary generation
of PMs 5 and to constitute a unfavourable atmospheric diffusion condition, and thus resulted
in high PMs 5. Regime 2 had reduced percentages of CV and lower DEWP level compared
to Regime 1, which alleviated the polluting level and led to better diffusion of PMs 5 and
can be regarded as a transitional state from either the high pollution to low pollution or
vice versa. In Regime 3, the northerly winds occupied the leading position and DEWP was
significantly lower. It is noted that the northerly wind brings cleaner and cooler air from the
north, and under such circumstances the PMy 5 concentration could be effectively reduced
via the removal process at a lack of secondary generation. Therefore, Regime 3 represented
a cleaning regime.

It is found that the regime-splitting for summer and fall shared the same pattern with the
spring, namely Regime 1 with high PMj, 5 level accompanied by a large proportion of CV and
high DEWP, indicating an air stagnation; Regime 2 is a transitional regime which had reduced
DEWP and increased winds with about 50% southerly winds; and Regime 3 (cleaning) tended
to had significantly large amount of strong northerly, in particular northwesterly wind and
low DEWP, which are known favorable conditions to lower the PM> 5. For winter, Regime
1 was still the most polluting regime and Regime 3 represented the cleaning regimes as the
other seasons. However, the transitional regime was divided to two regimes: Regimes 2 and
4 with dominated wind directions being southeasterly and southwesterly wind, respectively,
representing two different transitional modes. Regime 4 had more southwesterly wind which
would bring the accumulated PMs 5 along the foot of Taithang Mountain to Beijing, bringing
in more transported air pollutants. As validated in Figure S5, Regime 4 of winter indeed had
heavier PM; 5 than Regime 2.
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Fig S5: For each regime, the bars indicate sample means of PMs 5 (scales on the left side), TEMP,
DEWP and log(BLH) (scales on the left side) and the lengths of error bar are twice of the sample
deviations. The wind rose plots displays distribution of wind directions (via width of angles) and
average speed (via length of radius). Sample sizes of each regime are reported in the parentheses of its

subtitle.
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