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Introduction: Data, Statistic and Its Distribution

Let Z1, -+, Z, be a set of data, and T, = T(Z,--- ,Z,) be a Statistic.

@ T, can be an estimator to a parameter 6 s.t. @,, =T,

@ or T, can be a test statistic for a hypothesis: Hp : 6 € Q.
@ A key task of Inference is to derive/find the distribution of 0,, say Fp .

Fy (x) = P(0, < x) for x € R
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Why Asymptotic Statistics?

Dilemma and Benefits
@ Exact fixed sample (non-asymptotical) analysis on statistics is HARD.

@ But, letting n — oo simplifies things and amazingly quality
approximation to F (x) may be obtained.

The use of asymptotic approximation is two-fold.

Van der Vaart’'s book:

@ It can be used for asymptotical inference (find approximate
confidence regions and testing).

@ Approximations can be used theoretically to study the quality
(efficiency) of statistical inference procedures.

July 13, 2021
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Stochastic Convergence

Let {X,} be a sequence of RP random vectors and d(x, y) be a Euclidean
distance in RP, {X,,, X} is defined on a common (2, A, P).

o Almost-Sure Convergence (X, *3 X): The sequence {X,} is said
to converge almost surely to X

if d (Xp, X) — 0 with probability one : P(limd (X,, X) =0) =

X, &% X="100% + 100% accurate.”

e Convergence in Probability (X, L X): A sequence of random
variables {X,} is said to converge in probability to X if for all € > 0,

lim P(d (X, X) < €) =

Xn B X="100% + not 100% accurate.”

. L’
e Convergence in ry, mean (X, — X): A sequence of random
variables {X,} is said to converge in ry, Mean to X if

lim E[d (X5, X)]" = 0.
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Convergence in Distribution (Weak Convergence)

Convergence in distribution is a type of weak convergence for r.v.s, it is
the most useful stochastic convergence in statistical inferences.

It does not require that the {X,, X} are in the same (Q, A, P).

Definition 2.1 ( Convergence in Distribution, X, LA X)

Let {F,} be a sequence of distribution functions for a sequence of r.v.s
{Xn}. Then X, is said to converge in distribution to a r.v. X (with
distribution F) if

Iirr’n Fn(x) = F(x),V¥x € Cg

where Cr := {x|F(x) is continuous in x}.

Remark 1
1. The discontinuous set Cg is the countable set.

2. The spaces of { X, X} can different as % focus on the cdfs (free of
(Q, A)).
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Known in mathematical analysis: For any continuous function F, F is u.f.
continuous on [—M, M].

Lemma 2.2

If F is a continuous distribution function, then F is uniformly continuous
in R.

Remark 2
The lemma is valid for F not necessarily a cdf as long as F has limits at
+o00.

| \
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Polya's Theorem

Suppose that X, % X for a random variable X with F, and F being the
continuous distribution functions of X, and X. Then
sup, |Fn(x) — F(x)| = 0 as n — co.

@ The proof uses the Covering Method: divide a diverging interval
[~ M, M] by a partition {[xj_1,x;]}K5! of equal width & (except the
last one).

o Define A, = maxf;‘gl{\Fn(x,-) — F(x;)|. As K is finite for any given

M, lim,_ 00 Ay = 0.

@ Use the previous lemma.
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Asymptotic Normality

Definition 2.4

A sequence of random variables {X,} is said to be asymptotically normal
(AN) with “mean” p, and “variance” o2 (02 > 0 when n is sufficiently

large) if Xt % 7(0,1), denoted as X, ~ AN(yn, 02).

@ , and 0,2, are not necessarily to be the mean and variance of X,. In
fact, the mean and variance of X;, may not exist.

d .
@ What X, — is unknown !

e That X, LS N(ptn, 02) is obviously wrong !

n

@ Nevertheless,
sup ‘P(X,7 < t) — P(N(pin,02) < t)| —0
t

as n — o0.
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Multivariate AN

If X, is AN(pn,02), then
@ X, is AN(jin, 52) if and only of (iff) g—: — 1 and “”J;f‘” — 0.

n

@ 2,X, + by is AN(fin, 52) iff a, — 1 and £alen Dt g

Definition 2.5 (Multivariate AN)

A seq of random vectors {X,} istb AN with “mean” p, and “variance” ¥,
(X, is positive definite when n is sufficiently large) , if

a'X, is AN (a',, a'~a), Va € RP.
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How to establish X, LS

Lemma 2.6 (Portmanteau Lemma)

For any random vectors X,, and X, the following the following statements
are equivalent.

o X, %X

Ef (X,) = Ef(X) for any f € Cg;

Ef (Xn) = Ef(X) for any f € Cg 1ip;

liminf Ef (X,) > Ef(X) for all nonnegative, continuous f
liminf P (X, € G) > P(X € G) for any open set G;
limsupP (X, € F) < P(X € F) for any closed set F;

P (X, € B) = P(X € B) for any Borel set B with P(X € 6B) =0,
where 6B = B— B is the boundary of B.

@ (Lévy’s continuity theorem) Let {X,} and X be r.v.s in RY. Then
Xy 5 X iif ox. (t) = ¢(t) Vte R

©0 0000
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The Proof of Portmanteau Lemma

(i) = (ii):
W.O.L.G. Assume sup|f(x)| < 1. First assume the df of X, Fx is continuous.

As X, i> X, we have:

lim P(X, €1)=P(X €l), forevery rectangle | C R*

n—oo

On the other hand. Ve > 0, choose / large enough s.t. P(X € I€) < e. Then we
partition / into many small and non-overlapped rectangles s.t. | = Uszllj. Choose
a xj € l;. Now let:

K
ABEDICNCTY)

Obviously, we can choose K large enough to have |f(x) — f.(x)| <e€, x€l.
Thus,
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The Proof of Portmanteau Lemma

[Bf(Xn) — Efe(Xn)| < E[[f(Xn) = fo(Xa)[L(X, € 1)]
+E [[f(Xa) = f(Xo)[I(X, € 1°)] (1)
<e+2P(X,€1°)  (Recall that sup|f(x)| < 1)

Similarly,
|Ef(X) —Ef.(X)| < e+2P(X € 1°) < 3e (2)
Considering,

IE£(X,) — Bf(X)| < XK:foE[]IX € ) —I(X € I;)]

j=

—

’ 3)
< D IFC)IIPOXy € ) ~ PX € )] = 0

due to X, £> X and K is finite. Then considering (1), (2), and (3), we have
lim Ef(X,) = Ef(X).
n— oo
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The Proof of Portmanteau Lemma

If Fx is not continuous:
As Fx is right continuous and monotonous,
Cr, := {Fx is continuous at x}

is dense in RX. Then we could choose the vertices of rectangles /; in Cr,,
then repeat the early proof.

15 /181
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The Proof of Portmanteau Lemma

(i) = (v)™:

For every open set G there exists a sequence of Lipschitz functions with
0 < £y 1 1. For instance f(x) = (md (x, G°)) A 1. For every fixed m,

liminf P (X, € G) > liminf Efy, (Xy) = Efn(X)

n— o0

As m — oo the right side increases to P(X € G) by the monotone convergence
theorem.

(v) & (vi)*

Because a set is open if and only if its complement is closed, this follows by
taking complements.
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The Proof of Portmanteau Lemma

(v) + (vi) = (vii)*:

Let B and B denote the interior and the closure of a set, respectively. By (iv),
P(X €B) <liminfP (X, € B ) <limsupP (X, € B) < P(X € B,

by (v). If P(X € 6B) =0, then left and right side are equal, whence all

inequalities are equities. The probability P(X € B) and the limit lim P (X, € B)

are between the expressions on left and right and hence equal to the common
value.

(vii) = (i)™

Every cell (—o0, x] such that x is a continuity point of x — P(X < x) is a
continuity set.

(ii) < (iv): Exercise.
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Mapping theorem

Theorem 2.7 (Mapping)

Let g : R — R™ be continuous at every point of a set Cg such that
P(X € Cg) =1, then

Q If X, % X, then g (X,) % g(X)
X

8(
@ If X, > X, then g (X») 5 g(X)
Q If X, 23 X, then g (X,) 23 g(X)
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The Proof of Mapping Theorem

(i). Consider using (vi) in Portmanteau Lemma: for a closed set F, define
g Y(F) = {x, € g 1(F)} = {g(X») € F}. We have:

g (F)cgl(F)cg "(FluCy (4)

The last C is because of Vx € gT(F) here exist a sequence
{Xm}mzl C g_l(F) s.t. xm — X.

o If x € G4, then g(xm) — g(x) € F due to g(xm) € F and F is a
close set. Thus, x € g~1(F).

o If x ¢ Cg, (4) is evident.
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The Proof of Mapping Theorem

Then,

limsup P (g (Xy) € F) < limsupP (X, € g 1(F))  (by (4) left)
<P(X € g71(F)) (by Portmanteau Lemma (iv))
<P(Xeg M (F)+P(X¢C)  (by (4) again)
P(g(X) € F)

Apply Portmanteau Lemma (iv) = (i), we have g,(Xn) LN g(X).

Song Xi Chen, Xiaojun Song (Slides) Asymptotic Statistics July 13, 2021 20/181



The Proof of Mapping Theorem

(ii)*. Fix arbitrary € > 0. For each 0 > 0 let B; be the set of x for which
there exists y with |x — y| < 0, but |g(x) — g(y)| > €. If X ¢ Bs and
lg(Xn) — g(X)| > ¢, then | X, — X| > d. Consequently,

P (lg(Xn) — g(X)| > &) <P (X € Bs) + P (|X, — X| = 0)

The second term on the right converges to zero as n — oo for every fixed
0 > 0. Because Bs N C | () by continuity of g, the first term converges to
zero as 9 | 0.
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Example of Mapping Theorem

o If X, &5 X ~ N(0,1), then X, <5 2.

(%) 2 n((a))

then X,/ Y, LN Cauchy, whose distribution has p.d.f.

o If

1 1 1
)=ty e = T e
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Example of Mapping Theorem

0 S2=n 1Y X?— X" Let Y; = (X, X})". By LLN,

1 n
" 52X
L i it — ( a ) w.p.1
i—1 EZX'? H2
n
i=1

Let g(x,y) = y — x2. Then by Mapping Theorem:
Si=g (X, n 1300, X7P) By = pp — pi? = o2

Apply Mapping Theorem again: S, LS
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Example of Mapping Theorem

o If X, <5 N,(p, X), then for any constant matrix C € R™*P,
Xy L5 Ny (Cp, CECT)
o If X, is AN(p, b2X), then:

X —
M i> a limit r.v.
b

In fact, since (X, — 1)/ bn LN N,(0,X), by Mapping Theorem,

(X =) " (Xa — 1)
b2

n

d.
<5 N, (0,Z)N,(0,X)

Therefore,

[ Xn —ull - 4.
S VN (0, 5N, (0, %)
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Relations of Stochastic Convergence

Theorem 2.8

Let X,, X and Y, be random vectors. Then
Q X, XX X implies X, L X;
@ X, 5 X implies X, % X
Q X, L (c is a constant) if and only if X, LN e:
Q if X, S X and d (X, Yn) = 0, then Y, % X;
Q iIfX, % X and Y, P, ¢ for a constant c, then (Xp, Yn) 4, (X,¢)
Q if Xy > X and Y, 5 Y, then (X, Yn) 5 (X, Y)
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(i)*. The sequence of sets A, = Upm>p {[|Xm — X|| > €} is decreasing for
every € > 0 and decreases to the empty set if X,(w) — X(w) for every w.
If X, & X, then P (||(X, — X|| > ¢) <P (A,) — 0.

(iv) We have:

An = [Ef(Xn) = Ef (Ya)| <E{[f(Xn) = F(YR)II([1Xn — Yal <€)}
+E{[f(Xa) = F(Ya)[I([|1Xn — Yall > €)}

Only for bounded Lipschitz function f € Cg ;j, and € > 0,
Ap < LeP(|[Xn — Yall < €) +25up | F()[P(1 X0 — Yol > €)
Thus, Ef(X,) — Ef(Y,) — 0, and
Ef(Y,) = Ef(X,) + Ef(Y,) — Ef(X,) — Ef(X)

which implies Y, 95 X due to Portmanteau Lemma (iii).
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(i) Xp = X + (Xh — X). Since X 95 X and X, — X 25 0, we have
X, <5 X by using (iv).

(iii) "=""is from (ii). For "<", note that:
{I1Xn = cll > €} = {X; € ball(c,e)}

where ball(c,€) = {x : |[x — c|| < €} is open, so ball(c, €)€ is a closed set.
From Portmanteau Lemma,

limsup P(|| X, — c|| > €) = limsup P(X,, € ball(c,€)¢)
<P (c € ball(c, e)C) ~0

Hence, P(||X, — c|| > €) — 0, and thus X, 25 c.
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(v) (Xn, Yn) = (Xn, ©) + (Xn, Yn) — (Xp, €). Since
(Xn, Yn) — (Xn, €)= (0, Y, — ) 25 (0,0)

From (iv), we only need to show (X, ¢) LN (X, c).
For any bounded continuous function f : (x,y) — f(x,y), the marginal

function f, : x — f(x, c) is also bounded continuous. As X, 9 X,
Ef(Xp, c) = Efn(X,) — Efn(X) = Ef(X,¢)

Hence (X,, ¢) LN (X, ).

(vi) As [|(X1, Y1) — (X2, Y2)[| < [[ X1 = Xef[ + || Y1 — V2|,

P ([(Xa, Ya) = (X, V)| > €) < P([[ X0 = X[| > €/2) + P([|Ya = Y| > €/2)
— 0

Song Xi Chen, Xiaojun Song (Slides) Asymptotic Statistics July 13, 2021 28 /181



From this theorem, we know that:
Marginal Convergence in Prob = Joint Convergence in Prob.
The converse is also true due to Mapping Theorem. So,

Marginal Convergence in Prob < Joint Convergence in Prob.

Nonetheless, Marginal Convergence in Dist - Joint Convergence in Dist,
although the converse is true via Mapping Theorem.

Copula.
o If X, is AN(y, b2T) with b, — 0, then X, % p and X, & p.
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Slutsky's theorem: algebraic operations for con. in dist.

Application of Theorem 2.8 and Continuous mapping theorem.

It is named after a Russian mathematical statistician/economist: Slutsky. ]

Lemma 2.9 (Slutsky)

Let X,, X and Y, be random vectors or variables. If X, i) X and Y, i> c
(or Y LA c) for a constant c, then

Q@ X,+ Y, 3 X+c

Q@ VX, S X

Q Y, X, 4 c1x provided ¢ # 0

The (3) is valid for matrices Y, and ¢ and vectors X, provided ¢ # 0 is
understood as ¢ being invertible, because taking an inverse is also
continuous.
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Slusky's Theorem

From (v) of Theorem 2.8, if X, 4 X and Y, 25 ¢, then
(X, Yn) > (X, ¢)

Apply Mapping Theorem,
g(Xn, Ya) = g(X, )

for almost surely continuous g.

Choose g(x,y) = x4y, x X y, x/y then we obtain Slusky's Theorem.
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T-statistic:

Considering Y1,..., Y,iid. F with EY; =0 and EY? = 0. Define T-statistic:
th :=+/nY/S,.

1

“ — 1o —2
2 _ Y- vpR=—1_(-%"v2_YV
> ”_1;( ) n—1 n; !

214 (BY? - (BY)?) =EY?

Hence S, 24 VEY?.

From the CLT for IID data.

Hence,
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Tightness or Stochastic Boundedness

Definition 2.10

A sequence of random vectors {X,} is said to be stochastically bounded or
tight if Ve > 0, IM. > 0, s.t. sup, P(||Xn|| > M:) < €. Denote

Xn = Op(1).

Theorem 2.11 (Prohorov's Theorem)

0 If X, % X, then X, is tight.

@ If X, is tight, then 3 a subsequence {Xp,} (nj > 1), s.t. Xj, 9 X as
n;i — 0Q.

A single random vector is tight.
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Finite random vectors are tight.

Since the distribution function of || X||, F(x), satisfies:

lim F(x)=0, lim F(x)=1

X—r—00 X—r 00

So we can choose M, s.t. F(M.) — F(—M,) is as close to 1 as possible, then,
P(IX] > Me) = 1 — F(Mc) + F(—=M.)
can as small as possible. So we could choose M, large enough s.t.
P(IX]| > M) < e

Similarly, we have:

Remark 4

Any finite collection of r.v. {X;}K, is tight.
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The proof of Prohorov's Theorem

(i) only. As X is tight, one can choose M, properly s.t.
P(IX|| > M) <e, Ve>0
By Portmanteau Lemma,
im sup P(|Xa | = M) < P(IX]| = M,) < e

Hence 3N, s.t. Vn > N, P(||Xs]| > M) < 2e.
Note the {X,-},'-V:_l1 is tight. By modifying M., we can obtain

P(|X,|| > M.) < e, VneN,

So {Xn}n21 is tight.

(ii) is an extended vision of "Bounded sequences must have a convergent
subsequence” in Mathematical Analysis.
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Stochastic o and O

Definition 2.12

A sequence of random vectors {X,} is called

© stochastically of order {a,}, with {a,} being a sequence of
constants,

if X2 = Op(1).
@ stochastically small, if X, £ 0 and denoted as X, = op(1).

© stochastically of smaller order {a,}, if )a%’ = 0p(1), write as
Xn = 0p(an).

Song Xi Chen, Xiaojun Song (Slides) Asymptotic Statistics July 13, 2021 36 /181



Stochastic o and O

In a previous example, Y, — u = X — = 0,(n~%/2), and also Y,, — pu = o,(1).
However, Y, — u = O,(n~'/2) is more accurate.

In general, considering a set of stochastic quantity { T, },>1, n is typically the

sample size. Let
pn=ET,, o2= var(T,)

if they exist. From the Chebysev inequality,

Th) 1
P (o7 Ty — ol > M) < 2UT0) _ 1
(Un | [in| > ) = (Ma,)? ~ M2

Then Ve > 0, we can choose M, s.t. M2 < ¢, and
P (0 To— pn > M) <€

which implies o, }(T, — p1n) = Op(1), and T,, — p1, = Op(0,). This is a typical
way to find the stochastic order of a quantity if we can labour out o2.
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Basic Rules of Stochastic o and O

There are rules of calculus on 0 and O symbols, which we apply without
comment. For instance,

Some facts:

Q@ op(1)+ op(1) = op(1)

9 op(1) + Op(1) = Op(1)

@ Op(1)op(1) = op(1)

@ (1+0p(1))™" = 0p(1)

@ Op(1) + Op(1) = Op(1)

Q op (0p(1)) = Op (op(1)) = op(1)

Remark 6
The rules should be read from left to right.
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Lemma of Stochastic Plug-in

Let R : R¥ — R be a real function with R(0) = 0. Let {X,} be a sequence
of r.v.s with values in dom(R) s.t. X, > 0. Then, Vp >0,

@ if R(h) = o(]|h||P) as h — 0, then R (X,) = op (|| Xal|");
Q ifR(h) = O(||h||P) as h — 0, then R (X,) = Op (|| X4||P).

The function R(-) may not be continuous other than {0} in dom(R).
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(i). Let:

[ RGP for h£0
g(h)_{O forh=0

Then R(X,) = || Xal|Pg(X,). We will show that g(X,) £ 0.

Note that g(h) is continuous at 0, and P ( Ii_>m Xn = 0> =1, by Mapping
n—oo
Theorem:

So R(Xn) = op([[Xall?)-
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(ii). As g(h) = R(h)/| h||P is bounded near x = 0 (because
(h) = O([|A[|") and g(0) = 0),

IM,§ >0, |g(h)| <M, V| <3s

{w: [g(Xa(@))] > M} CH{w = [ Xa(w)]| > 6}

Thus,
P(lg(Xn)| > M) < P([[Xs|| > 0) — 0

In fact, Ve > 0, 3N, s.t. Vn> N, P(||X,]] > d) <e. Thus
P(lg(Xp)| > M) <e, VYn>N

This implies g(X,) = Op(1).
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An Applied Example

Considering X1,..., X, i.id. F(u,o?) with EX* < co. Let,

n n n

Sp= 2 D06 X =SS [(X) — (X = p)]P = S 06— ) — (X )
i=1 i=1 i=1

Since EX* < oo, by a standard CLT,

n_l E?:l(xi - M)Z — 02 _d_> N(O 1)
var((Xi — p)?)/n ’

which implies,
ﬁ(% (X — p)? 02) LN N(0, v?)

where v2 = var((X; — 11)?). On the other hand, X — i = O,(n~%/?),
Vn(X = p)? = Op(n~ 1 /2) = 0,(1). By Slusky Theorem,

—_

Vn(Sy = 0?) = /n ( .Z(X’ —n)? - 02> — V(X = u)? <= N(O,v?)
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Chapter 2: Characteristic Functions (cf)

We need tools for derivating weak convergence.

Definition 3.1

For any random vector X with distribution function F, its cf is

¢x(t) = E[e™]= / "™ dF(x)
= E[costX]|+ iE[sintX] for any t € R.

The moment generating function (MGF) is

Mx(t) = E[e].

v

The cf is a frequency domain view of a distribution F, it fully characterizes
F.
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Properties of Characteristic Functions

|px(t)] < ox(0) =1

Px(t) = px(—t)

¢x(t) is uniformly continuous on R

e €& e ¢

bx. |ox|? and Re(¢x) are c.fs of —X, X — Y for X, Yi.i.d.F, and
(Fx + F_x)/2 respectively.

@ If 3tp #0s.t. |¢px(to)] =1, then Ja€ R and a # 0 s.t.
P(X e {a+jh:jeZ})=1,so X is a lattice random vector.
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Properties of Characteristic Functions (Cont.)

@ If Fis absolutely continuous, lim;_,o|¢x(t)| =0

@ Two random vectors X and Y in R are equal in distribution,
denoted as X 2 Y, iff ox(t) = oy (t) Vi€ R,

@ (Fourier Inversion) If ¢x is integrable, i.e. ¢x € L1(R); then F is
continuous with density:

f(x) = 217r/e_itx¢x(t)dt.

45 /181
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Multivariate CF

The characteristic function (cf) of X a p-dimensional random vector is
defined by

ox(tT) = Eet'™X = /Rp e™dFy(x) for anyt € R? (5)

where Fx is the cumulative distribution function.

Remark 8
The multivariate CFs inherit the properties of univariate CFs.
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Properties of Multivariate Characteristic Functions

Q o, (t) exists for all t € R and is continuous.
@ ¢x(0)=1and |px(t)] <1 forall t € R
@ For a scalar b # 0, ox/p(t) = px(t/b);
For a vector ¢, pxc(t) = exp{it’ c}ox(t).
@ For X and Y independent, ox1y(t) = px(t)oy(t).

@ If E||X]|| < oo, ¢x(t) exists and is continuous and ¢ x(0) = ip

where p = EX.

@ If E||X|?> < oo, $x(t) exists and is continuous and
¢$x(0) = —EXXT.

@ If Xis Ng(p,X), ox(t) = exp{it"p — 3t" St}
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Lévy-Cramér’'s Theorem

Lévy's continuity theorem

Let {X,} and X be random vectors in RY. Then X, 9 X iif
ox,(t) — o(t) VteRI.

Proof: "=" is by Portmanteau Lemma (ii): Ef(X,) — Ef(x) for
Vf € Cg, "<" can be seen in P14 of vdv.

Remark 9

It provides another way for establishing weak convergence!

Song Xi Chen, Xiaojun Song (Slides) Asymptotic Statistics July 13, 2021 48 /181



Suppose X, ..., X, i.i.d. Poisson()) for fixed A > 0. Then the characteristic
function of X; is:

ox(t) = exp{A(e" —1)}
Let X = n=1 37 | X;, check the c.f.
¢%(>\) = exp{—itVnA\}ox(t/v/A/n) = exp{—iVnA}¢%(t/Vn))
= exp{—itV/n\} exp {n)\ (ex/% - 1)}
. it it 1
:exp{—ltm+nA (m +o s te (n)\))}
=exp{—t?/2+ 0(1)} — exp{—t?/2}

Therefore,
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Example

Weak Law of Large Numbers (WLLN):
Let Y1,..., Y, be lID r.v. with ¢y(t) being differential at t = 0 and
ip = ¢'(0), then:
Y 25 o
Proof: As ¢(0) = 1 and ¢(0) exists at 0,

dy(t) =1+t (0)+o(t), ast—0

¢y (t) = oY (t/n) = (1 + %p’(o) to G))

= <1+itnu+o <,17>> — e = ¢,(t)

Hence, Y LN . and Y LN L.
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Moments and Expansion of CFs

If r.v. X's r-th moment exits, then ¢x(t) is r-th order differentiable and,
¢g£)(t) = /(ix)feithF(x) = E{(,‘X)reitx}

which implies ¢$(0) = i"EX".

Conversely, if g[)gg)(O) exists for an even r, then X has finite r-th absolutely
moment.

If E|X|" < oo, then

ox(t) = (;L,)JExwo(W).
27

Il
=}
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Example: CLT

Suppose Xi,..., X, i.i.d. F, with p = EX and 0?2 = EX? < 0. Let
S, = 27:1 X;, then

S0 i 2, py(o,1)
no?
Proof: o o
t
dxp(t) =140 )2" +o(t?)

1/t \? 2\) )
— 1 - - 2 - —t /2
(13 (55) 7o) e

Then the result comes from Lévy-Cramér’'s Theorem.
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Remark 10

(it)"

r!

dx—u(t) = 1+%(it)202+~~+ m, + o([t]")

if E|X|" < oo for r > 2, where m; = E(X — u) is j-th central moment. Then,

112 10t3 /mg\3 1 t* /ma\* "
= (137 5 () + 2 ()
¢\}<T’jn ( 27 em2\e ) Tur\s +

Higher order expansion of c.f. = Edgeworth Expansion.

Remark 11

The c.f. determines all the moments of X, but {m, := E(X)"}]_; cannot
determine the law of X. This the famous Moment problem. Carleman’s condition

> 1
E :m2r2’ = +00
r=1

| \

o]ale
(Slides

Z/VES J Y C/]
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Cumulants (Semi-Invariants)

Definition 3.4

The cumulants «;'s are obtained from a power series expansion of the
cumulant generating function of a r.v. X:

Kx(t) :=logpx(t) = Z(;—)J/@ Iog{l—l—z M (ity}.

21 =17

Matching, we have k3 = m; = EX and

K2 = My — ml E(X EX) . Co,
K3 = m3 —3mimy 4+ 2m} = E(X — EX)® =: c,

Kg = Mg —4mims — 3m§ + 12m1m2 — 6m1 =4 — 3C22.

The higher order (j > 3) cumulants are different from central moment.
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Cumulants (Semi-Invariants)

Considering X1, ..., X, i.id. F(u,02), Y; = (X; — p)/o. The cumulants
for Y; are:

E(X; — p)? oy = B~ p)*

R1 = 07 R2 = 17 R3 = 0_3 ) 0_4

where k3 is called the Skewness of X, k4 is called Kurtosis. Then,

itV £2 i
Oy () = exp Zﬂﬁj = exp —2+Z(ty

| 1
o >
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Chapter 3: Central Limit Theorems (for ind. r.v.s)

Unlike the classical CLT, in this section, we will explore the general CLT
when the random variables is independent but not identically distributed.

Definition 4.1

For each n > 1, let {Xp1, Xn2,- -+ , Xuk, } be a collection of random vectors
on a probability space (2, Fn, Pn) s.t. Xn1,-- -, Xnk, are independent
with k, = 00 as n — 0co. Then {Xp; : 1 < j < ky}p>1 is called a double
array of independent random vectors.

Notations:
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A Useful Lemma

A useful lemma in mathematical analysis.

Let {0, : 1 < j < kn}n>1 be a double array of complex numbers satisfying
as n — oo,

Q@ max |0, —0,
1<j<kn

Q Z " 110njl < M < 0o where M is free of n,

@ Z "1 0nj — 0 for a finite complex 0, then H " (14 0,) — €

This is a generalized formula for lim,_o(1 +0/n)" — €% with 6,; = 9/n.

References for this chapter
Chung, K. L. (2001). A course in probability theory, 3rd. Academic press.
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Preliminary

For any complex z # 0, the complex number w satisfying e = z is Log z,
i.e. Logz=w. Let w = u+ vi, we have z = e"e", which means

|z| = e, u=loglz|, v=Argz=argz+2kmr, argze€ [-m, 7|

then:

Logz =log|z| + iArgz, logz=logl|z|+ iargz

For any |z| < 1,

o0

jog(1 +2) = 3 (1) 1%

n
n=1

Song Xi Chen, Xiaojun Song (Slides)

Asymptotic Statistics

July 13, 2021



The Proof of Lemma 4.2

A
m—1"n n
log(1 + 0) ~ 65| = (1) 12| < 2"
|9n'|2 (1™
<=2 15 = |0n* < 1

m=2

Here the upper bound 1 is uniformly for all {6}, hence,
log(1 4 0pj) = Onj + Nnjl0nj|?,  where || < 1

Now,

kn kn kn
D log(1+0n) =D 0+ > Anjl0n?
j=1 j=1 j=1
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The Proof of Lemma 4.2

From (i) and (ii):

n kn
2

Z/\njl%'l < lgaginwnjlzwnjl

j=1 j=1

(ii) i
< max |0pi|M HONY
1<j<kn
And from (iii), we know that
kn
Zlog(l +0n) — 0
j=1
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Liapounov’s Theorem

Theorem 4.3

For a double array {X,j : 1 < j < kn}n>1, let T = Z}‘;l E|Xqj

3
- anjl 5
which is finite for every n, and if Liapounov’s condition holds

r, o
03 3ZE\X,,J o> =0 asn— oo, then
=il
Sp—an d

— N(0,1).

On

The constant 3 can be relaxed to 2 + 6 some § > 0
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The Proof of Liapounov's Theorem

Let Ynj = E|X,,j — a,—,j|3. As

1/2 1/3
0w = (BIXy — anl?) " < (B1Xy — anl®)"
We have agj < vnj, thus,
3
<
lim/a<>§< T 1r<nax Ynj < Tn (6)

Let ¢, be the c.f. of (Xpj — anj)/on. As 7y is finite, from Theorem 2.8,

2 42

oottt Ny ypitd
Pnj(t) =1— 2"(’}_2 + gj 23 ,  where [A,j] <1
n
max |pni(t) — 1|<L2m 2+im .
13% i = 202 1gja<)§<n Tnj 603 1g%>§<n Tnj
2, \? B (©) ")
< _ .
-2 (03) + 603 12}%@’%" — 0

which is the Assumption (i) of Lemma (4.2).
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The Proof of Liapounov's Theorem

In fact, note that 02; = (03,)%/3 < (max; 03))?/3,

max o2; max o3 2/3 (6) 2/3
2 - < 3 = = 3 — 0
o4 o3} o3}
and max,;/o3 — 0 comes from the condition directly. On the other
hand,

k 2 .2
: dDooytt  BT, 2 BT,
E . 1l =" - <

which is the Assumption (ii) of Lemma (4.2).
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The Proof of Liapounov's Theorem

Finally, as

S M) L
o3 | = o3

we have,
kn

T ORE =——+t32 Aoy, L ©)

j=1

which is the Assumption (iii) of Lemma (4.2). Then from (7) to (9) and Lemma

(4.2), the c.f. of (S, — avn)/0n = Y71 (X — anj) /0, satisfying:

kn K
[T 0n(t) =[] +60(0) —1) = 72
Jj=1 j=1

Apply Lévy-Cramér's Theorem., we obtain the result.
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Corollary

Theorem 4.3 implies the following for a single array {X,}n>1.

Corollary 4.4

Let {Xn}n > 1 be a sequence of independent random vectors, o;; = E(Xj),
o*f = Var(X;) and v; = E|Xj — o4® < 00. Let P, = > i1 Y ifUP—;o,’: — 0,
then

Sp—>" _a;
57219 < N(O,1).

On
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It can be proved by Lindeberg's method. Here we use another approach to
verify it. W.L.O.G. assumimg «a; = 0.

For any f € C3:= {g|g® is continuous in R}. Let Yi,...,Y, are
independent r.v. with Y; ~ N(O,UJ?) matching the first two moments of
Xj, and Yo =", Yi/o, ~ N(0,1). We want to show V f € C3,

Bf <Z:1X> “Ef(Ys) = 0 (10)

On

which implies >°7_; Xj/op 95 Y, (Recall Portmanteau Lemma).
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Let Zi=Yi+...+ Y1+ X+ ...+ Xafor2<j<n—-1,Z1=Xo+...+ X, and
Zn=Y1+ ...+ Y._1, then:

o (i) (B) - o () o (2]

i=1

Note that:
F(ZEXN Z (2N o (B X Lo (2 X2 g X
On On on) On 2 on) 02 " 3lg3
F(ZAYN (2N Lo (BN Y Lo (Y Y2 0 Y
on On on) on 2 on) o2 " 3lgd
where 0] < ||[f®)]| < 00. As EX; = EY; =0, EX? = EY? = 0%, EY? = \/8/n0?,

‘Ef (z,-+x,-) _Ef(z,-+ Y)‘
On On

3!7103|E [efl)X?] _E [01(2) \/’_3] |

M 8 3
< . >
= 3lg3 <% + \/;O')
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Proof

Then from (11),

(52 ()5

Ef(Z;+X;) _Ef(Zi+ Yl>‘
i=1 Tn Tn

M (S0 n g3
(M = max{|6™M],16|}) (EI—WJF 82:—1‘7:>

6 o3 T o3
n
O o7 <r)
i=1

M,
As a result, (10) is true.

6 o3
Remark 14
The method of (11) is called Telescoping.

IN

IN

— 0
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Corollary

An immediate consequence of Liapounov CLT is

Corollary 4.5

For a double array (triangular array of independent variables)

{an, 1<, < k,,}nzl, if|an| < M,,j a.e., and nli>nc1<> 1§mj%)§<,, Mnj =0. Let

S, = Zf;l Xnj, show that

Sn—E(Sn) N N(0,1).

On
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Null Array

Four conditions:
(@) Vj, n||—>n;o P(’an — Oénj’ > EJ,U') =0,

i P(| X — i ) =
Q Jim max (| Xnj — anj| > €04j) =0,

@ nll_)n;o P(lgix | Xnj — aunj| > €opj) =0,

@ lim ij L P(I1X0j — unj| > €00j) =0

Homework. check (d) = (¢) = (b) = (a).

Definition 4.6

A double array satisfying condition (b) is called a null array.
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Equivalent Form of Null Arrays

Proposition 4.7

A double array {Xnj,1 < j < kn}n>1 is a null array iff

VteR, lim max |¢q(t) =1 = 0 (e),

n—00 1<j<kn

. Xnj—aj ) .

where ¢p; is a c.f. of =L Furthermore, the convergence in (e) is
n

uniformly over any finite interval.

Remark 15
@ If{Xy} isa NA, then X% 2 ¢,

| A

o kn
@ Prop 4.7 implies that each element of a null array {X"J %

On J:].
uniformly degenerate at 0 on j when n — oo.
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"=": WLOG assume «; =0,

ni(£) — 1| = ’E (e"fxnf/"n - 1)‘ <E He’fxnf/”" - 1] (| Xy > €0n)

%)

+E|

. Xn‘
(le"™ = 1] = /2(1 — cos tu) < |tu]) < 2P (| Xyj| > €on) + |t|E HTJ

n

e/ _ 1‘ (| X, < ean)]

N
On

< 2P (| Xnj| > €0n) + |t]e

Thus,
max|0y() = 1] < 2maxP (1Xy| > €0v) +tle
J J

(e) is veracious. In fact, for any |t| < K,

sup max|dni(t) — 1] < 2max P (| Xyj| > €on) + Ke
tl<k J j

so the convergence is uniform over t € [—K, K] as dersired.
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"<": It can be derived by using Lemma 2.3.2 ( Homework).

2\ (¥) 1 1
P( > 5) <1 /| L ont)de= g

1
<5 [ n-en(old
[t|<s

Xnj

On

/ (1= (1))t
lt|<6

This implies,

max P <
J

From the BCT and (e), we know condition (h) holds.

Xnj
On

2 1
> ) < max/ 11— o8|t
0 0 Jei<s

J
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(%):

sin dx 2 [0
< — = _ _
I(5x| > 2) < 2 (1 i ) 5/5(1 cos tx)dt
= % (1 — costx — isin tx)dt

|t|<d

Then (*) comes from taking expectation on both sides.

Remark 16
Bounded Convergence Theorem (BCT): Suppose f(t) — f(t) for Vt, and

1.(0)] < g(t), / g(t)dt  exists

Then,

/|fn(t) —f(B)|dt — 0, /f,,(t)dt I /f(t)dt
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Lindeberg Condition (LC)

Definition 4.8

A double array { X, 1<j<k, }n>1 is said to satisfy the Lindeberg condition,
if Ve > 0,

nll—>rgog : ZE{(XHJ - anj)zl(’an - O‘nj’ > eon)} =0,

where a,; = E(Xy), 02 = Z "1 Var(Xy;), implicitly assumed
0,211- = E(Xﬁj) < oo for any nand j, .

Song Xi Chen, Xiaojun Song (Slides)

Asymptotic Statistics July 13, 2021



Lindeberg-Feller CLT

Lemma 4.9

Let u(m, n) be a function of positive integers m and n, s.t.
Vm, lim u(m,n) =0, then there exists a monotone increasing sequence
n—o00

{mp}, mp — oo, s.t. lim u(mp,n) =0
n—o0

Lindeberg's condition is a sufficient condition (and under certain
conditions also a necessary condition) for the CLT to hold for a sequence
of independent random variables.

Theorem 4.10

[Lindeberg-Feller] For a double array {Xpj1<j<k,}n>1, assume
Var(Xy3) = aﬁj < 00, then

(i)22=E5n % N(0,1) and (ii) the double array is a null array
iff the Lindeberg condition is satisfied.
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The Proof of Lemma 4.9

As Ii_)m u(m, n) =0 for each m. Inpy, s.t.

1
n 2 Nm, u(m, nm) S -

Here we obtain a sequence {nm}m>1, and can make it strictly increase to
0.

Now let m, = ms.t. np < n < npy1. When n > np,

u(mp, n) = u(m, n)

IN

1

m
As np, T oo, m, 1 oo too, and lim u(m,,n) =0.
n—oo
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The Proof of Lemma 4.9

ns

ny
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The Proof of Theorem 4.10

WLOG, assume EX,;; =0 and 02 =1, or we can redefine Xnj = (Xoj — EXpj)/0on.
Now truncate X, to X;; with a 1 € (0,1):

(12)

X! — an if |an‘ <n
v 0 o.W.

kn

Kn
Denote S} = ZX,’,J-, o = Zvar(X,’u-) = var(S,).
i=1

i=1

EX,,j=0 1
[EX;| = / x dFpj(x) 4 / x dFpi(x)| < = / x? dF p;(x)
Ix|<n Ix|>n M J|x12n
Hence,
kp .
BS;| <Y |EXy < = Z X2 dFp(x) 29<en o (13)

Ix|>n
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The Proof of Theorem 4.10

Similarly,
Kn Kn
SEXZ= / X2 dF i (x)
i—1 =1 7 IxI<n
5 (19)
— [ / X2 dFpi(x) — / x2anj(x)] Ry
j=1 [x|>n
Hence,

n

Ky
o? =var(S)) = ZEX/2 Z EX;;)? SN
Jj=1

where we use the fact:

2

kn kn
(12)
Z(Exr/;j)2 < Z [EXy,[] — 0
=1 =1
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The Proof of Theorem 4.10

As
S, S/ —-ES, ES/
o’ - o’ + o’

ES, — 0, and o/, — 1. From Slusky Theorem S/ /ol and S|, — ES}, /o, would
convergence to the same distribution.

Next to show: o g
g BLEN N(0,1)

On
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The Proof of Theorem 4.10

From the LC, for each fixed m > 1,

2
nlngomz xdF,,J x) =0

|x|>1/m

From Lemma 4.9, there exists {m,} 1 0o s.t.

lim / Xan 0 15
HOOZ o X = (15)

Let 9, = m;1 | 0, and use 7, to replace 7 in the definition of X,;J, then

X <mn,: =M, lim max M, = I|m =0
[ Xl =< 71 A L n

Then from corollary 4.5, (S}, — ES})/o}, — N(0,1). So does S, /o). So
S &5 N(0,1) as o), — 1.
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The Proof of Theorem 4.10

Since
k,, kn
P(S, # 51/1) <P U{an # X:fu} < ZP(|an| > 1)
j=1 j=1

<Z / XPdFi(x) =5 0
X‘>77n

So we have S, — S/ 25 0. By Slusky, S, N N(0,1). Here we complete the
proof of sufficiency.
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The Proof of Theorem 4.10

Let ¢, be the c.f of X,; with EX,j =0 and 02 = 1. As S, < N(0,1) in (i),

kp, kn 2
- (f) — e B2 | AL
i [[ow0=e "% im SSegs0 =5 a9
j= j=

and it can be reinforced that it would be holed uniform over t € [-K, K] by using
covering method.

On the other hand, (ii) and the properties of NA imply,

lim sup max |¢n(t)—1]=0 (17)

n—00 lt|<K 1<j<ky

Let 0,j = ¢nj(t) — 1, from the proof of Lemma 4.2, we know the following display
holds.
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The Proof of Theorem 4.10

The following display holds.

log ¢nj(t) = log(L + Onj) = Onj + AnjlOnj|* = dnj(t) — 1+ Anjldni(£) — 1]* (18)

where |Ay;| < 1 uniformly. Furthermore,

kn

17)
D 10w(t) — 1P < max |6n(t f1|2|¢n, -1 240 (19
.

where (x) is the fact that,

kn kn
S om0 -1 =3 /( o 1)dFyy(x)
j=1 j=1
t2 2 t2
— (itx + k¢ X YdFnj(x)| < = < o0

in which s € (0,1).
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The Proof of Theorem 4.10

Then, from (16) and (18), we obtain:

o o )
Tim S (6w(t) =1) = fim > logdn(t) = —=
j=1

j=1
By taking the real part,

2

oo
. t
nll_}hg() Ej /_oo(l — cos tx)dFpj(x) = 5

Hence for each 1 > 0, split the integral into two parts, by Chebyshev’s inequality,
_|¢2 _
im |— — Z/ (1 — cos tx)dFyj(x)| = Tim Z/ (1 — cos tx)dFyj(x)
noo| 2 IxI<n IxI>n

- n—o00 -
J J

< lim Z/ 2dF,;(x)
n—oo |X|>’I7

J

2
_ o 2
< i NEUA—
nllm 2% e 7
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The Proof of Theorem 4.10

Note that 0 < 1 — cosf < #?/2 for every real 6, this implies,

Jj=1 |

Let t — oo, we have:
kn
> B (IXZT(1Xy] > ) — 0
j=1

which exactly is the LC.
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Example: R

yj:Xjﬂ+€j, ¢ iid. N(Oaas)a Jj=L2...

where {x;};j>1 are fixed design points, s.t.

n

X

maxM -0, at= E sz

1<j<n a, 1
j=

The ordinary least square estimate is ;5 = >j—1%¥;/a. We want to show that
A d.
an(Bs — B) — N(0,02).

2 n
A Xy —BYx Y xe
an(BLs — B) = L= = anj
an an ;
Jj=1
where:
2 2
Xj€ X0
Xnj = =27 on = EX,;; =0, O’ij_ 12, 0,2,:03

2ox7 an
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Example: Regression

Here {Xy;,1 <j < n}p>1 is a triangular array, and

n
a;zzE 2A(|Xnj| > 60n)] = 2 szE (71 (|xj€j/an| > 604)]
Jj=1 nj=1
(1 = max b)) < ZX2E (| > boomy )]

1 _
- ?E [ejg]l(|ej| > 50’6m,,1)] — 0

€

as m, — 0. From Theorem 4.10, we know that,

an(Brs —B8) =Y Xoj -4+ N(0,0?)
j=1
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A Sufficient Condition of LC

There is a sufficient condition to verify the Lindeberg-Feller condition.

Proposition 4.11

For a double array {an}jfil with means {pn;} and variances {aﬁj}. If for
some v > 2,

kn
> EXy — pnl” = o(o7)
=1

Then, the Lindeberg condition is valid.
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E [(an — i) L (|1 Xej — ] > “’”)} - /

[t—pinj|>€0n

S [ (e ) d ()
|t puug| > ey

< (e0n)*™E|Xoj — il

(t — pnj)?dF (1)

Therefore,
1 e
;Z |(Xej = 10 L(1Xej = 10| > €0)|
ZE|an — pnjl”
< 27V = — 0
oy
The LC holds.
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CLT for m-dependent r.v.s

Definition 4.12

Def: A sequence of r.v. {X,}p>1 istb m-dependent if 3 a positive integer
m s.t. forany n > 1 and j > m, X,,;; is independent of

Fn=0{Xj,1 <j < n}, the o-field generated by {X;}_;.

| A

Theorem 4.13
Let {X,}n>1 be a sequence of m-dependent rv.s with uniformly bounded

INRVAZI{0' P4
Za - = LX) o as 0 — oo and m = o(n'/3).

mnl/3 — mnl/3

variance s.t.
Then

Sn— E(Sn) d

On

N(0, 1).

A CLT for more general dependent data, the so-called mixing dependent
sequence, will be discussed later.
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Proof: Use of Blocking Technique

Proof: As {X,}n>1 has uniformly bounded variance. IM s.t.
sup,|Var(X,)| < M.

WLOG, assume E(Xj) = 0.
We block the whole sequence by larger blocks followed by small blocks.
Let k = [n'/3] be the size of large blocks, m be the size of small blocks

p=lml= O(n?/3) be the number of blocks, B; = ji(k + m),
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Lay out of the Blocks

Yi=Xi+- 0+ X, Z1=Xep1t o+ Xeam

YP:XBP,1+1+"‘+XBJ'_1+I<' ZP:XBpfl+k+1++XBp
Rp = Xg, + - - - + X, the residual block.

As k >> m when n is large enough, then {Y;}?_; and {Z;}7_, are indpt
rvs as they are at least m-apart.

94 /181
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The Detailed Proof

Now, we have:

p n—p(k+m)
So=D YitD Zi+t Y Xpu=S5,+S+5) (20)
j=1 j=1 =1

As supvar(X;) < M, |[E(X;X/)| < M, and

n—p(k+m)
var(S;) = E(S)Y’ = | D B (XothrmysiXotkm)+1)
=

< (n—p(k+m))’M < (k+ m)*M

S — 0p(v/Nar(Si)) = Oy((n — plk + m))) = Op(k + m) = Op(n/3) (21
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The Detailed Proof

Similarly,
2

EZJ2 =E ZXBJ—H"('H S sz
j=1

And,
var(S!) < pm®M,  S” = 0,(p*/?m) = O,(n*/>m)

As ,/(mn'/3) = oo, we have:

S S 1/3
2n _ _2n mn 0,(1)
o,  mnt/3 On

Besides, since k = O(n*/3), from (21), S/ /o, = 0,(1). Now,

5"257;7+57:/+$:0—;75/

o, O, O, On on o

It remains to prove 0/2/02 — 1 and S/ /0!, = N(0,1).
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The Detailed Proof

ol?/o? — 1
ES; = E(S;)> + E(S})* + E(S)")> + 2E(S,S)) + 2E(S,/S") + 2E(S,'S})
Then,

|ES? — E(S})?] < |E(S))> + E(S))* + 2E(S,S)) + 2E(S)/S") + 2E(S}'S)|
< pm*M? + (k + m)>M? + 4p(mM)? + 2m(k + m)M?

Here we perceive that:

P ) P
E(S;51) = D cou(Y}, Z)) == 3" [cov(¥;, Z)) + cov( ¥, Z;-1)] < 2p(mM)*
Jj, =1 j=1

and, similarly,

E(S’S") < m(k + m)M?, E(S"S!)=cov(S/,S")=0
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Therefore,

-

o2 |~ o2 o2

n

oF| _ 2pmM? 4 2k + M2 _ <m2n2/3> o

12
Hence, z—’g — 1.

n

S /ol 25 N(0,1):

We use truncation method. As k = [n/3], let Y,; = Y;, then
{Ynj,1 < j < p} is double array, |Yyj| < km = O(n'/3m) = o(c},), and

1 p
?;2.2 Vil = nop)] < e ZP! il > no})

< k2m? Zj:l Var(Ynj) . k2m?

o2 2072 = 2072 0
as (km)/ol, — 0, which implies the LC holds, then S}, /o), — N(0,1)

from Theorem 4.10.
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Cramér-Wold device

The device allows the issue of convergence of multivariate distribution to
be reduced to that of univariate ones.

Theorem 4.14 (see Serfling (1988, p18))

A sequence of random vectors X, in RY converges in distribution to the
random vector X if and only if for any linear combination of the
component of X, converges in distribution to the same linear combination
of the component of X as n — oo, i.e.,

X, %5 X e a'X, % aTX,VacR.

Levy's theorem implies that weak convergence of vectors is equivalent to
weak convergence of linear combinations.
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Proof of Cramér-Wold

"e=" Let Xp = (Xn1,..., Xnd) T, X = (X1,...,X4)" have a
characteristic function ¢, and ¢ respectively. As for all
Cc = (C1,C2,...,Cd)T

c1Xp + -+ e Xnd i) aXi+ -+ cgXy. (23)
The characteristic function of ¢; X1 + -+« + cg Xng Is
¢n(tcl) R} th) = E(eit(C1Xn1+"'+Cand))'

The characteristic function of A1 X1 + - -+ + A\g Xy is ¢(tcy,- -+, tcg).
Choose t = 1, then from (23)

Jim on(er, s ca) = dler, o s ca)

implying X, 9, X,
The "=" is obvious by mapping.
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Multivariate CLT

The Cramér-Wold device provide another approach to show Multivariate
CLT.

Theorem 4.15

Let X1, X2, ... be i.i.d. random vectors with mean p and finite covariance
matrix, ¥. Let X, =", X;/n, then

Vi (Xn = ) 5 Ny(0,%).

by letting Y, := v/n (X, — p), so

Y, Sy iff t7Y,3¢tTY forall teRY
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Chapter 4: Weakly Dependent Data

Let Z1,...,2Z, € RY, where d is the dimension of Z;, is the equally
sampled time series, i.e. daily, weekly, or yearly data.

@ Strictly Stationary: for any integers / and m,

(Zi,...,Z,

T T
) and (Z;1+/, ey Zim+l)
have the same distribution (strong shift invariance).

@ Weak Stationary (or Second Order Stationary):

E(Z;) = E(Z;+/), var(Z,-) = var(Z,-+/),
COV(Ziv ZJ) = COV(ZH-/7 Zj+/)

(weak shift invariance).

Ways to make a time series stationary: difference, square root, etc.
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Linear Time Series Models

Definition 5.1 (ARMA models)
The sequence {Z;};cz is said to be an ARMA(p, q) if {Z;} is weakly
stationary and for any t,

Zi—0Zs 41— — opZt—p =€t —M€t—1 — - —TNg€t—q

where {¢;} is an independent white noise process, defined as WN(0, o2).

v
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ARMA models

Let 8 and i be p-th and g-th degree polynomials defined as:

Let B be the backward shift operator such that B/Z; = Zi_j.

Definition 5.2
An ARMA(p, q) process {Z,} is said to be causal if there exists {1);}7%

such that

> bl <o, Ze=> e
j=0

Jj=0
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ARMA models

Theorem 5.3
Let {Z;} be an ARMA(p, q) : 0(B)Z; = n(B)es. If 6(z) and n(z) have no
common zero roots, then {Z;} is causal iff

0(z) #0, VzeC,|z| <1

and the coefficients {1;} are determined by v(z) = n(z)/6(z).

Linear Process:

Ze= Y e, eiid. F(0,0%)

j==c0

ARMA process under certain conditions are special type of linear process!
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ARCH(p): Auto-Regression Conditionally Heterogeneity

Model:
Ze=m(Zep) + 0(Zep)er, Zrp=(Zi1, - Ztp)"
it generalizes AR(p):
Zi=00+01Zt1+ - +0,Zt—p+er, e ~ WNO,0?)

in two aspects:
(i) From linear to non-linear conditional mean function.

(i) From constant conditional variance to a function.

ARCH models (or non-linear time series models) in general are not
necessarily stationary, but some conditions can guarantee they are

" asymptotic stationary” (stationary after pre-burning the models for a
period of "long” time). See Gouriéroux® for reference.

LChristian Gouriéroux. ARCH models and financial applications. Springer Science& Business Media; 2012.
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Mixing Coefficients: measures of dependence

Let Zy,---,Z:, -+ be a strictly stationary process and F|" be the sigma field
generated by {Z;}7 ,, where m > [ are positive integers.

(i) a-mixing (or strong mixing) coefficient:

a(ky=  sup  |P(BNC)—P(B)P(C), k>1

BeF: , CEFZ,

*(ii) B-mixing or absolute regularity coefficient:

B(k)=E sup [P(C)—P(C|FL)

cEF,

(i) ¢-mixing:
¢(k) = sup |[P(C) —P(C|B)|

BeF: , CEF,
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Mixing Coefficients: measures of dependence

(iv) p-mixing:
p(k) = sup |corr(X, Y)|
Xel2(Ft ), YEL2(F,)
cov(X,Y)
= sup
Xel?(FL), Yelx(Fg,) | Vvar(X)var(Y)

where L2(F) is the set of all r.vs defined on F which have finite
second moments, i.e. VX € L2(F), EX? < 0.
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Relationship between these mixing coefficients

The process {Z;}+cz is said to be a-mixing if I|m a(k) = 0. Similarly,

¢-mixing process can be defined as lim ¢(k ) = O etc.
k—00

Mixings are different descriptions of dependence between events in two
sigma fields (F* ., 2v«)- When the time gap between them goes to
infinity, i.e. k — 0o, mixings means asymptotic independence.
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Relationship between these mixing coefficients

The inequality between different mixing coefficients means that,

¢-mixing = [-mixing
4 4

p-mixing = a-mixing

So a-mixing is the weakest mixing coefficient, but ironically has been
called strong mixing.
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When a linear process is mixing?

For a linear causal process Z = > - = | tjer—j, {e:} i.id. F(0,02).
Gorodetskii? shows that {Zx} is a-mixing under certain conditions, and
establish the rate of a(k).

Pham T. D. and Tran L. T.3 show that if ¢; = O(F/) for 0 < r < 1 when
j — o0, then the process is geometric a-mixing, i.e. there exists

C,p € [0,1) such that a(k) < Cp*.

2\V Gorodetskii. “On the strong mixing properties for linear processes”. In: Theory of Probability and its Applications 22

(1977), pp. 441-413.
3Tuan D Pham and Lanh T Tran. “Some mixing properties of time series models”. In: Stochastic processes and their

applications 19.2 (1985), pp. 297-303.
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Inequalities

Lemma 5.4 (Billingley's Inequality)

If {Z;} is a-mixing (NOT necessarily stationary), X € Ft_ and
Y € ?—?—k' |X| < (G, Y| < G, then,

| cov(X, Y)| < 4C Ga(k)
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Since,

[cov(X, Y)| = [E(XY) — E(X)E(Y)| = |E [X {E(Y|F' ) —EY}]|
< GE|E(Y|F' ) - EY|
= GE [¢ (E(Y|FL) —EY)]

where § = sgn(E(Y|FL ) —EY) e FL . Thus,
|cov(X, Y)| < GIE(EY) — EEEY| = G| cov(&, Y)] (24)
By using the same approach, we have,
|cov(&, V)| < GolE(¢n) — E€En| (25)

where 1 = sgn(BE(¢| 72, ) — ES) € F,-
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Let:
A={{=1}, B={n=1}
AC={e=-1}, BS={n=-1}

Clearly, A,AC € £ _ and B, B¢ € F3,. Then,

|E(¢n) — E€En| = [P(AB) + P(A°BS) — P(A°B) — P(AB®)

26
~(P(A) — P(A9))(P(B) — P(B))| < 4a(k) )

And the lemma is proved by combining (24), (25), and (26).
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Inequalities

Lemma 5.5

If {Z;} is a-mixing (NOT necessarily stationary), X € F_ and
Y € FX o E|X|P < oo for some p > 1 and |Y| < C, then

| cov(X, V)| < 6C||IX[l,a/9(k)

1 1
where — + — =1 and || X||, = (E|X|P)/P.
P q
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For some M > 0, let Xy = XI(|X| < M), X}, = X — Xm = XI(|X| > M). Then
X = Xu + Xy, and

| cov(X, Y)| = |cov(Xum, Y) + cov(Xpy, Y)| < | cov(Xu, Y)| + | cov(Xyy, V)]

From Lemma 5.4,
| cov(Xum, Y)| < 4CMa(k) (27)

On the other hand, note that,

BIX}| = /|X|>M Ix|dF(x) < /X|>M ] <|Ax/,|)P1 dF (x)

ie. E|X!,| < M—P+IE|X|P.
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Thus,
| cov(Xy, V)| = [E(Xy, Y) — EXyEY| < E[X}, Y| + CE|Xy|
< 2CE|Xj,| < 2CM~PHE|X|P

Now, choose
M = [|X]|p{a(k)} 1P

and from (27) and (28), we prove the lemma.
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Inequalities

Lemma 5.6 (Rio’s Inequality)

Let X and Y be two integrable @ real-valued r.vs and let
Qx(u) =inf{t: P(|X| > t) < u} be the quantile function of |X|. Then if
Qx Qy us integrable over (0, 1). We have:

2«

|cov(X,Y)| <2 A Qx(u)Qy(u)du

where o = (o (X),o(Y)) is the a-mixing coefficient between sigma fields
o(X) and o(Y).

a H _
CLmOOE{|X|]I(\X| >c)} =0
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Denote XT =0V X and X~ =0V (—X), then

cov(X,Y) =cov(XH, YT) + cov(X™,Y7)

—cov(X,Y") —cov(XT, Y7) (29)
Note that:
cov (X, YT) = . [P(X >u, Y >v)—P(X>u)P(Y > v)|dudv
&3
Recall the definition of «, we have
cov (X*,YH) < /R2 inf(a, P(X > u), P(Y > v))dudv (30)
:
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Now apply (29), (30) ,and the elementary inequality

(ananc)+(anand)+(aAbAc)+ (aNbAd)
<2[(2a) A(a+ b) A (c+ d)]

toa=P(X >u),b=P(-X >u),c=P(Y >v),d=P(-Y > v), we get

| Cov(X,Y)| < 2/ inf(2c, P(|X| > u), P(|Y| > v)dudv =: |
R2

2
Then we only need to show,
2a

| =2 Qx(u)Qy(u)du (31)

0
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Note the form of /, define a bivariate r.v. (Z,T),
(Z,T)=(0,0)I(U > 2a) + (Qx(U), Qy(U)) I(U < 2a)
where U is a uniform distributed r.v. over [0,1]. So for any u,v > 0,
{Z>u,T>vi={U<2a,U<P(|X|>u),U<P(Y|>Vv)}

by calculating the true integral value,

2a

Qx(u)Qy(u)du =E(ZT) = / P(Z > u, T > v)dudv

0 R

2
+

:/]R inf(2a, P(|X| > u), P(]Y]| > v))dudv

2
+

which entails (31) and the proof is thus complete.
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Inequalities

Lemma 5.7 (Davydov's Inequality)

Let X and Y be two real r.vs such that X € LI(Ft ), Y € L"(F2%,)

1 1 1
where g > 1,r >1 and —+ — =1— —, then
q r p

| cov(X, V)| < 2p(2a (k)P | X gll Y I,
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(i) Suppose first that g and r are finite. Then Markov's inequality yields,

X E|X|9
P<|X>”1”q)§ o g=u , 0<u<l
ut/a (IXlq/u*/a)
which implies,
Q (u)<”X”q O<u<l1
X I Ul/q ) s

similarly, Qy(u) < ||Y||,/u*/". Using Rio's inequality,

2200 [ X | || Y]
q r
|cov(X, ¥)| <2 / Y

2a(k) 1 1 1
—2Xl I, [ e (++:1)
0 p q r
= 2p(20 (k)P | X[lg]| Y|
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(i) If r = 400, q is finite, then % + % = 1. Note that Qy(v) < Qy(0) =Yl
:=sup|Y]|. This is because,
{t[P(Y]> 1) =0} Cc{t[P(Y[>t) <u}, Vuel0,1]
= inf{t|P(|Y]| > t) =0} >inf{t|P(|Y]| > t) < u}
= Qv(u) < Qy(0)
Also, clearly inf{t|P(]Y| > t) =0} = ||Y||s. Use Rio's inequality again,

2209 |1 Xlq
ul/q

| cov(X, Y)| §2/ Y] oodu
0

2a(k) 1
= 2|X[Igl1 V[l /0 ub~du
— 2p(20(K))?||X[lg]| ¥ ]

which is similar to, but not exactly the same as Lemma 5.5.
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(iii) If r = 400 and g = +o0, then p = 1. Similarly, use Rio's inequality
again,

2a(k)
| cov(X, V)| <2 x 2/0 [ Xlool[Y [loodu = 4[| X [oo[| Y [l oo r(k)

which is the same as Lemma 5.4. Now, we have completed all the proof of
this lemma.
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Weakly Dependent Stationary Process

Suppose {X;} be a weakly stationary process with finite second moments.
Let 7(j) = cov(Xi, Xi,).

Definition 5.8

The process is said to be weakly dependent if Z |v(k)| < oo, or it would

k=0
be said to be a long memory process.
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Weakly Dependent Stationary Process

Let a(k) be the strong-mixing coefficient defined on the sigma fields generated by
{Xitiez.

From Lemma 5.7 (r = q), if E|X{|9 < oo for g > 2, and Zal/p(k) < oo for
k=0

q
= —— th
p 72 en

D (k) < 2plX15 D atP(k) < oo
k=0 k=0

Thus, this process is weakly dependent (short-memory). In particular, if
a(k) < CpX, i.e. geometric strong mixing, then

(oo}
Zal/p <CZpk/p—71/p<oo
k=0
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Weakly Stationary Process

Remark 18

In general, to ensure Zal/p(k) < 0o, we require aY/P(k) ~ k=41 e
k=0

a(k) ~ k=PA+) for y > 0 when k is sufficiently large, which implies

a(k) — 0 as k — oo sufficiently fast.

Remark 19

Note that geometric strong mixing (GSM) means a(k) < Cpk = Ce Pk,
which entails a(k) — 0 at exponential rate.
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Spectral Density

Define:

v(h) = /7r e™ dF(v) = /7r e f(v)dv

—T —T

Then by Laplace transformation:

Theorem 5.9

IFY "0 o Iv(k)| < oo, then {X,} has spectral density f, and we have
2 heoo V() = 2f(0).
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CLT for strongly mixing processes

Lemma 5.10

Let {X:}tcz be a zero-mean real-valued weakly stationary process such
that for some r > 2,

supE [X¢|" < oo, Za(k)lf% < 400
teZ o1

then the series ), ., (k) is absolutely convergent, has a nonnegative

sum o2 and,
nvar(S,/n) — o? (32)

where (k) = cov(Xo, Xx)-
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First we study the series ), ., v(k), by using Lemma 5.7 with g = r and

1 2
5:1—;,weget

2r

Rl < =

(B %) (2a(k) 2"

which proves the absolute convergence of the series since 3, -, a(k)!7%/" < +oc.
Now clearly,

nvar<5n”>_n1 > cov(Xe, Xe) = i )( —k|)'y(k)

n
0<s,t<n—1 k=—(n—1

due to {X;} being weakly stationary, thus,

. S
lim nvar (" =d2>0
n—o00 n

and the theorem is thus established.
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CLT for strongly mixing processes

Theorem 5.11

Let {X:}tez be a zero-mean real-valued strictly stationary process such
that for some r > 2 and some 3 > 0,

E|X:|" <00, a(k)<ak™®

where a is a postive constant and 3 > r/(r —2). Then if
a2 =>% (k) >0, we have

Sn
ay/n

The proof can be seen in Theorem 1.7 of D. Bosq's book?.

-5 N(0,1)

#Denis Bosq. Nonparametric statistics for stochastic processes: estimation and prediction. Vol. 110. Springer Science &
Business Media, 2012.
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Chapter 5: Delta Method

Suppose we have a sequence of estimators {T,,}n21 on R¥ for a parameter
6 € Rk
@ For the ¢(6), the parameter of interest, considering convergence of
#(T,) to ¢(0), where ¢ : R¥ — R™.
e From Mapping, T, 26 = o(Th) LN ¢(0), if ¢ was continuous at 6.
@ Does /n(¢(T,) — ¢(0)) have an asymptotic distribution, if suppose
(T, —0) S T2
@ |s the convergence in distribution persevered under smooth
transformation?
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The Derivative of Vector-valued Functions

Recall that ¢(-) is differentiable at € if there exists a linear map (matrix)
¢p : RK = R™ such that

$(0 + h) — ¢(0) == ¢'(6)h + R(h)
= ¢'(0)h+o(||h])), h— 0.

Define ¢)(h) := ¢/(6)h.

Derivative map (Jacobian matrix)

The derivative map h — ¢(h) is matrix multiplication by the matrix
0 0
8O - BON
/ A 5 5 i
o) m 16) m J mxk
Sr®) - G0

Remark 20
If m=1,k > 1, the derivative map is called the gradient of the function.

134 /181
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Main Result of Delta Method

Theorem 6.1 (First Order Delta Method)

If ¢ differentiable at 6, ¢'(0) # 0, and r,(T, — 6) % T for a deterministic
sequence of {r,}, satisfied r, — oo, then:

(i) ra(¢(Tn) — $(0)) — &' (8) (ra( T — 0)) 2 0;
(i) rn (&(Tn) — 0(0)) S ¢/(0) T

The proof: (i)

@ Since rp(T, — 0) % T then T,—0 50 by stochastic boundedness.
@ By the differentiability of ¢ at ¢, then
¢(0 + h) — ¢(0) — ¢'(0)h := R(h) = o (||All) .
@ Replace the h by T, — 6, multiply r, to get
rl® (Tn) — ¢(0) — ¢ (Ta = 0)] = op (ra || Tn — 0]|) = op(1).
by Lemma of Stochastic Plug-in (since T, — 6 5 0).
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The proof: (ii)

o Matrix multiplication is continuous, so ¢, (r, (T, — 6)) LN ®p(T) by
the continuous-mapping theorem.
@ Apply Slutsky's lemma to conclude that
d
rn (6(Th) — 0(0)) = ¢'(0) T
which has the same weak limit as ¢, (. (T, — 6)).

Example: Normal delta method

| A\

Let T, be a sequence of statistics such that
Vi (To—0) % N (0,5°(9))

Let g : R — R be once differentiable at 6 with g’(6) # 0. Then

Vnlg (Ta) —g(6)] % N(O, [¢'(9)202(6))

N
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High Order Delta Method: what if ¢'(6) = 07

First Order Delta Method is largely based on Taylor’'s expansions with
®'(0) #0. If ¢'(8) = 0 but ¢"(0) # 0, we have

o(Th) = ¢(0) + %¢”(0)(Tn — 02+,
Then .
n(¢(Tn) — ¢(0)) = 56" (0)[v/n(Tn — 0% -
If /nX, 5 N(0, 1), then n(X,) 2 1¢"(6)x2.

Theorem 6.2

Suppose ¢ be a univ. m times differentiable at 6 with ¢(m)(0) #0,
oY) (0) =0, j < m, then:

i ((Ta) = 60)) o —m
1ame)

A multivariable version of this theorem is available in Serfling P124.
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Examples: 2ed Delta Method

@ Suppose Xi,..., X, are id with mean x and known variance o2, and

we want to test Hp : 4 = 0. Under the null hypothesis Hy : © = 0, the
following statistic

T(X) = nX2/o? % [N(0,1)]? = x2.

@ Suppose that \/nX, converges in law to a standard normal

distribution. Now consider the limiting behavior of cos(Xp).

o Because the derivative of cos(x) is zero at x = 0, we still use the proof
of First Order Delta Method. It yields that

Vn(cos(X,) — 1) 3 8

which implies that /n(cos(X,) — 1) 5 8.
o Thus, it should be concluded that y/n is not the right norming rate for

the random sequence cos(X,) — 1. 2ed Order Delta Method
cos X —cos0 = (X —0)0 + (X — 0)2(cosx)f’x=O qrooc
implies

—2n(cos X — 1) % x2.
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Example: Variance

Let Xi,..., X, i.id. F with finite 4-th moments. Let o; = EX{ for i = 1,2,3,4
and m, = n~1 2}7:1 Xj’. Then,

n n
Sn=nTt Y (X = XPP =0 Y XE = X2 = ¢(mi, me2)
i=1

i=1

where ¢(x1,x2) = xo — x2. From MCLT,

Al )= ()]l ()
and ¢/(a1,a2) = (—2a1,1).Hence,
Vi(Sy — %) = V/n(¢(mp, mp) — ¢, az))
<5 (=2a1,1)N <0,var ( ))glé )) = N(0, ¢4 — &2)
where we use the fact that:

(—2aq,1) var ( ;(112 ) < _210‘1 > —E(X — 1)t — (B —a)?) = -3
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Example: Standard Deviation

Considering the unbiased estimator:

1

n—1 — Xi_)_(2: i n
Sn-1 n—1;( ) n—15

So,

Vi(Sa-1 = 0%) = v/a(—= S, — 0?)

:\/ﬁ<5n_02+ (nﬁl —1) Sn>
:\/E(S,,az)Jr\/ﬁ(nill) Sn
N0 a-d)  (Va(sr—1) S =on(1))

Furthermore, S&/% = /S, = ¢(S,), ¢(x) = /x, and ¢/(x) = Ix71/2,

2
1/2 d. G -G
Vn(S}? —o) S5 N <o, o )
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More Examples

If X, is AN(u,02) and o, — 0. Then,

(i) X2 is AN(u?,4u02) for u # 0.

I _, o2
(||)X—|SAN I A for u # 0.

n

(ii) eXn is AN(e*, e2*a2) for any p.

(iv) log |Xa| is AN(log ], 11~%02) if 11 # 0 log |0y " Xa| < log |N(0, 1))
for u=0.
(v) Suppose Xi,..., X, i.i.d. F on RP with (i, X). Let

O=pn"p, H=X"X=¢(X)

If 1 # 0, ¢/ (1) = 2T, ¢" (1) = 2lp. As /(X — 1) =5 Np(0, ).
So,

ST < d.
VI (XTX = uT ) % 207 Np(0,T) = N(O, 4T Ep)
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Example: weighted x? distribution

If u=0, ,uTZu = 0, the above display j% 0 is not useful. In fact, as

nXTX L5 NJ(0,D)N(0,5) L= ZTsV2527 = 775 7
where Z ~ N(0, I,). Suppose
Y = U"diag(\1,...,\p)U, Z=UZ ~ N,(0,1,)
Then,

p p
Z'y7 LY N2 N nd
i=1 i=1

where {x3,}7_; i.i.d. x3.

So nXT X converges to a weighted X2 distribution.

Thus nXTX = 0, (1) if u=0,and X" X — " pu= 0, (%) if u# 0.
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Chi-Square Test for Variance

Suppose X, ..., X, i.i.d. F with EX{ < oo.

Hy:02<1 wvs Hi:0%°>1

Denote ©g = {0 < 02 < 1} and ©; = {0 > 1}. If F = N(u,0?), ’fz" ~ X3
Test statistic for Hy : 02 < 1 is nS, by setting 02 = 1, and we reject Hp if
nSn > Xh_1.,- The size of this test is

o’ < 1)

nS, 1

Pg, (nSn > Xifl,oc ‘ o’ € @0) = Po, ( ;X,%—l,a

o2

<P(Go1 > Xi—1,a) =a

So the size < « with the maximum size at 02 = 1 equals to a.

Song Xi Chen, Xiaojun Song (Slides) Asymptotic Statistics July 13, 2021 143 /181



Chi-Square Test for Variance

If F # Normal, the excessive kurtosis:

p BT 5y

g

From CLT and the fact that x2_; = 37! Z2 for {Z;}"=} i.i.d. N(0,1). Then,

X%—l —(n-1)

d.
o=y N(0,1) (33)

From the previous example, we know that:

ﬁ(—1> 2 N(0,k — 1) # N(0,2)

Xo_q—(n—1) _
P <2(nl) > Za> — P(N(0,1) > Z,) = «
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Chi-Square Test for Variance

As P(X3_1 > X4 1) =a,wehave x2_; , =~ (n—1)+ Z,\/2(n—1). ie.

2 (n-1
lim Xn—l,oz (n ) _ Za
n—o00 2(!7 _ ]_)

Consequently, the level of the Chi-Square Test is:

I’IS,, Sn X1217 o N
P‘72=1 <O’2 > X%l,a) = Pa'2=1 <\/E <0_2 - 1> > %)

~ Py <\/E<j - 1> = 1)+Za\%m ")

a2

) Vaz,

For heavy-tail F, k > 0, so that,

\/iza
1—¢<m> >1-9(Z,) =
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Chi-Square Test for Variance

Power of this test:

nSn Sn 0 Xa 10— N
Poaxs <0-2 > X?w—l,a) =Psosg <\/E (0_2 - 1> > T

1P <N(o,ﬁ+2)> 0—2{<n—1>+zﬁm}_n>

. (c2=-1)yn o2 Vv2Z, [n—1
=1 ¢< K+ 2 \/n(n+2)+\//i+2 n )
N (Y.

~1—<D< = + r+QZa> — 1

So the power — 1 as n — oo, the test is consistent.
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Multinominal Vectors and x? statistic

Let (n1,- -, nk) be multinominal (n; p1,- -, pk) with each p; > 0. Then
Xn:\/ﬁ(%_ph“' anl_pK) = (Xn17"' 7XnK) _d_> N(O,Z)

n

where ¥ = (o) with
- { pi(l—pj) i=J
ojj = .
—pipj I #]
A test statistic for goodness-of-fit is:
K

noy el S (2 a)

n
i=1 pi i=1

1
= —Xi=XCX,
i Pi

where C =diag (p; %, . pxc)-
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Multinominal Vectors and x? statistic

By mapping theorem,
T, & ZTet2cEt?z £ 32
In fact, we can show that A = ¥1/2C¥1/2 is an idempotent:
o5 = pil0j —p),  CZ=(p; o) = (65— py)

K
(Cx)? = (Z((i‘/ —p)(0j — Pj)) = (0; — pj) = CT

=1

As a result, CX is an idempotent, so is A, which entails:

tr (21/2 CZI/Q) —tr(CT)=n—1
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Wald Test

Suppose Xi,- -+, X, i.i.d. F on RP with ; and ¥ > 0 (p fixed).
Ho:p=po vs Hi:p##po

Wald statistic is:

_ _ 1 <& _ _
W = n(X = 10o) S, 1 (X = o), S = . > (Xi=X)(Xi-X)"
i=1

From LLN, S, 25 ¥, 5-1 25 ¥-1 And we note that:

X —p=0p(n"'7?)
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Wald Test

Hence,
W, = n(X — o) " (Zfl + 51— Zfl) (X — o)
= /(X — o) = 1/n(X — o)
+ V(X = po)" (S, =71 V(X — po)
= V(X = o) EI/(X — o) + 0p(1) <> A

as \/nXY2(X — o) <5 N(O, I,).

So Wald test requires Hg if W, > Xf,’lfa.
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Variance Stablizing Transform (VST)

Typically, we have various means to obtain,
Vi(To—0) = N (0,02(6))

where o2(#) is the asymptotic variance depending on 6. The asymptotic

Cl for 6 are: R
o(0
Th£ Zl_a/2\(fn)

So the width of the Cls varies with respect to o(6).
The purpose of VST is to transform T, to ¢(T,) such that
d.
V(@(Ta) = #(6)) = N(0, )

where ¢ > 0 is a constant.
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Variance Stablizing Transform (VST)

From earlier result,
Vi(8(Ta) = 6(0)) <= ¢/(0)N (0.0%(0)) <= N (0, (/(6))* %(0))

So ¢'(0)o(8) = ¢, which implies:

oy — € _ [ 49
OB ORI

is the VST.
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Tukey's Hanging Rootogram

Let Xy, -+, X, i.i.d. the pdf f. The Kernel Density Estimator is:

~ 1 “ X—X,'
f"h(X)_nhZK< h )
i=1

where K is a symmetric pdf, N(0,1)'s pdf, for instance. It can be shown
(Serfling®, P114) that:

Vih(fun(x) = £(x)) L+ N(O, £(x))

provided nh® — 0 and nh — 00 as n — 0. So fu(x) is AN(f(x), T5)). By Delta
method and VST: df

= [ — = f1/2
) VF
So we do "root-gram”: ﬂlh/z(x) is:
1
125y —
AN(F5(x), 47)

5Robert J Serfling. Approximation theorems of mathematical statistics. \/ol. 162.- John Wiléy &amp; Sons, 2009.
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Asymptotically Uniformly Integrable

Definition 6.3 (Uniform Integrability)

A sequence of random variables { Y} },>¢ is called asymptotic uniformly
integrable (u.i.) if:

I|m limsup E [| YalLiy,~amn ] =0

M—00 n—oo

The uniform integrability is the missing link between convergence in
distribution and convergence of moments.

Theorem 6.4

Let f : RK — R be measurable and continuous at every point in a set C,

X, % X where X takes its values in C. Then Ef(X,) — Ef(X) if and
only if the sequence of r.v. f(X,) is asymptotically u.i.
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Moment Approximation

If T, has m-th moment exist. Knowing \/n(T, — 0) 4T =

Va(@(T) = 6(8)) 5 ¢/(6) T, if ¢/(9) # 0.
o Can we approximate E¢(T,) by Taylor expansion?

H(To) = 0(0) + &' (6) (T — ) + 50" (O)(To — 0) + -

@ So that, do we have the following equations:

EG(T,) ~ 6(6) + 6'(6)Bias(T,) + 56" (O)MSE(T,)
var (¢(T5)) = (¢'(6)) "var(T,) (¢'(6))

@ We need ¢(T,) — ¢(0) being u.i. If T, — 0 is u.i. and ¢ is Lipschitz,
then ¢(Tp) — ¢(0) is u.i..
@ See also Sargan, J.D. (1976, Econometrica).
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Chapter 6: Moment Estimator (ME)

Let X1,..., X, i.i.d. Fg, where 6 is the true parameter, fi,..., fx be
given known function.

o Moments:
B0 = [ G(dR). T=1.... ok

o A popular or original choice is: f;(x) = x/. Let f = (f,..., f)".

Definition 7.1 (Moment Estimator (ME))

Match sample moments %27:1 f(x;) with its population counterparts:

Pof = %Z F(x) = e(6) = Eof(X) = Pof
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AN for ME

o If e is one to one, then the ME is 0, = e 1 (P,f).

o If e~1is differential and Ey,f(X)fT(X) < oo (which implies the AN
of P,f), then we can have the AN of 6,.

@ Note that:

(e Y (x0)) = (¢'(60)) "

Qoiefl(XO)

Theorem 7.2 (CLT for ME)

If e(0) = Pof =: Egf(X) is 1-1 on an open set © C R* and is
continuously differentiable at 6y with non-singular ej and Py, ||f I? < oo,
then 0, exists with prob approaching to 1 (wpa 1) and:

Vo~ 66) 4 N (0,1 (60)) 1B — EnEnf () )

v
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We need the inverse function in the proof.

Lemma 7.3 (The inverse function theorem)

Let A be open in R"; let g : A — RX is continuously differentiable at a and
differentiable in a neighborhood of a € A. If the Jacobi matrix
De(x) = Dg(x)/0x™

is non-singular at the point a and of A.

Then,

@ there is a neighborhood U of the point a, such that

g : U— V is one-to-one
for an open set V of R";

o and there exists an inverse function gt : V — U which is
continuously differentiable with

Dg~'(y) :=9g (y)/0y™ = (Dg(x))™".
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Proof of Theorem 7.2

o Continuous differentiability at 8y presumes differentiability in a
neighborhood and the continuity of § — e);
the nonsingularity of e, implies nonsingularity in a neighborhood.

@ Therefore, by the inverse function theorem there exist open
neighborhoods U of g, and V of Py f such that

e: U — V is a differentiable bijection (one-to-one)
with a differentiable inverse e™1 : V s U.

o By the LLN, P,f = 1377 | £(X;) 22 (o) € V. Since P,f € V,
0= e 1 (Pof) 225 e (e(bp)) = o

exist with probability tending to 1 by continous mapping theorem.

@ The CLT guarantees asymptotic normality of the sequence
V/n(Ppf — Py,f). The proof is finished by Delta Method.
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Example : ME for the Beta distribution
Let Xi,X5,--- X, be a random sample from the Beta distribution which

has a density function f(x; «, 5) = B(a 5 x*H(1 — x)8~1 for x € (0,1)
where a > 0 and 3 > 0 are two unknown parameters, and B(a, 3) is the
Beta function. Note that

k_ 1 otk—1(q _ NB-1, _ Blatk B)
EX B(a,ﬂ)/x (1 —x)" “dx 75(04,5)

_T(atk) T(a+p) _H a+r
@) @i+l 1:[0a+ﬂ+r, k=1,2,...

then the moment estimator can be solved by the following equations:

a X7 ala+1)

X:a+6’ ~ (a+B)a+B+1)

namely, & = (1 — X) [% - 1] , B=X [i(zx xl) 1} is the
solutions.
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Example of Beta distribution: Con.

Let 6 = («, B) be the set of true parameters vector. The moment function is
f(x) = (x,x?)T and the estimated function is:

a ala+1) )T
a+ B’ (a+B)a+pB+1)

e(0) = Eof(x) = <
It is very easy to verify that e™! € C>°(R2):

0=et(P.f) & e 1 (P,f) = 0.

, SO

(]
Oe(0 o 2 " (@ 2
Note that 57} — [  Blati)atsil)aB(ats)  alati)Bat2st)
(a+B)?(a+B+1)? (a+B)2(a+B+1)?2

(EX)> EXEX?

EX2 EX3
Egff T — EgfEof T = -
g 6T [ } EXEX? (EX?)?

EX3 EX*

as a result, we have:

de(0)

T

Va0, — ) %m0, (220 1[p, 7 — B,y 2O

wy
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Exponential Family

Suppose X1, ..., Xpi.i.d. Fy with density:
po(x) = c(B)h(x) exp{0T t(x)}

@ Likelihood:
lo(x) = log pa(x) = log c(8) + log h(x) + 67 t(x)

o Likelihood score:

) = SO 40 = () - Bye(X)
o Elp(X) = 0 implies ¢(8)/c(8) = —Ept(X).
Hence, MLE are MEs:

%Z t(x;) = Egt(X) = e(0)
i=1
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Exponential Family

Furthermore, if e(6) is continuous and differentiable and a moment
condition Eyl[t(X)||* < oc is satisfied, then:

° 9Am/e = éme exists wpa 1;

@ and
NG (éme - 9) 4N (o, [(¢'(0)) Mvarg (£(x)) [(e'(e))‘l]T>
=N (0,1,
@ Iy is Fisher Information matrix:
Iy = var(iy(X)) = E (ig(X)iJ(X)) — —Elp(X)

We can check the equal-sign in the preceding asymptotic distribution.
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Generalized Method of Moments (GMM)

MLE requires parameter model specificates on:

(i) The full density of w = (x,y), f(w;n); or

(i) The conditional density of y given x, f(y|x; @); or

(iii) The partial density of y; given x¢, ft(y¢|xt; ) in the context of panel
data.

GMM was developed by Lars Peter Hansen in 1982 as a generalization of
the method of moments. GMM requires less model specifications:

(i) Instead of requiring densities, it asks for only moment restrictions;

(i) GMM is largely “semi-parameter”, where the parameter of interest is
finite-dimensional [the full data’s distribution function may not be
known (infinite-dimensional)], and therefore MLE is not applicable.
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Examples: Paremetric regressions

The regression data {w; = (Y}, x)i}7_; (Y; € R: response, x;: covariate)
yi = m(x;,0) + ¢, E (gi|x;) = 0, Var (¢;|x) = 02 (x;) < o0

where {g;}7_; are the indepedent error variable.
By least square method, the score functions is

. 8m (X,', (9)

g (w;,0) = 50 (vi —m(x;,0)).

and the weighted least square method leads to

om (xi,0) yi —m(x;,0)

&(wif) =5 a2 (xi, ro)

if is o2 (x;,70) known.

In both methods, 79 = p. And 0 is directly solved by estimating equation
%Zi:1g(wi79) =0.
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Example: Poisson regressions

Consider the equal-dispersion assumption for Y; being count data
E (Yilx) = p(x,0), o (Yilx) = p(xi,0).

The (x;,0) is a known funtion, for example: 1 (x;,6) = % ¢. Define

Wi 0) — g1 (w;,0) \ _. M(yi—u(x,-,O))
g (wi,6) = ( ) ) = ( 2%, ) Ly — 11 (i 6317 — 11 (i, 61)} )

We can choose a(x;, ) almost freely to satisfy,, but we need choose one
that 6 is most efficient.
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GMM

Let {w;}7_; be IID r.vs in R™, g(w;; ) € R" be r-dimensional known
function of w; and 8 € © C RP. So that

300 € ©, E{g(wi;0)} =0

o If r = p, we call it “just-identified *;

o If r =p, the 0 can be made by solving directly:

1 n
n;g(wiﬁ) =0

@ When r > p, we call it “over-identified ".
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GMM

Definition 7.4

Given g(w;; 0) s.t. Eg(w;j;6p) = 0 for some p € ©. The GMM estimator
(9(;/\/”\// of 0 is

A

-
1 — — (1
0, = argmin [ — w;; 0 W, | — w;; 0
gm (n;g( )) (n;g( ))

for contain r x r non-negative definite matrices W,,, which satisfied that
W, LN Wo > 0, Wy is deterministic and may depend on 6.

The GMM estimator above is asymptotically equivalent to

A~

1 — 1 —
0,0 = argmin | — T wi; YWy — w;: 0
. (n;u o3t >)

which is a M-estimator.
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GMM Identification

@ To ensure identification of 6y, we assume 6y is the" unique”
0O, s.t. Eg(w;0)=0

o As Wy > 0, O is also the unique 8 which minimizes
E{g" (w;; 0)} WoE{g(wi; 0)}

@ Under certain conditions, we have Ogym LN 0.
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Asymptotic Normality

Suppose:
(i) g(w,-) is a continuous differentiable function on 6 € Int(©);

(i) Go=E (w%w exists and its has full rank p.

Then under the assumption OA,, LN 0y, we have
o AN:

A -1 -1
V0, — o) & N <o, (GOTWOGO) GOTWO/\OWOGO(GOTWOGO) )

where

n

\% S g(wiibo) 3 N(0,A0), Ao = var {g(w;; o)}
i=1
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From the definition of 8, (Definition 6.4),

,Zag W” n) < Zg w;, 6 ):O (34)

Note that:
og'Wg og'og'Wg og'
69,‘ (99,‘ 8g 60/
So,
og'Wg 0g' og'Wg 23g We
90 00  og a0,

By using Taylor formula on (34) around 6 (assuming 8, -2~ 6,):

,Zag wi0n) { Zg w;, b0p) + — Zag(vavgaj)(én_eo)}:o (35)

i=1

where 9A;,k is between 0y and 0,,.
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Since 8, £ 6y, it is easy to verify that:

8g (Wn n) 8g (le n) p- T _ ag(W790)
n; o0 n; a0 % =El75

Note that W, -2 W, from (35),
Ao(B, — 00) := (Gy WoGo) (B, — o) = —Go Wo% Zn:g(w,-ﬁo) {1+ 0,(1)}
i=1
and, .
Vil — ) = ~A3" 65 Wo—- > gl 00) +o4(1)
As % S g(wi,00) 5 N(0, Ag) where Ag = var(g(w;, o)), we obtain:

V(B —00) 25 N (0, Ayt Gy WoloWoGoAyY)

Thus establish the asymptotic normality of 0,.
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Inference

If we use Wy instead of W, then

@ We can attain the same asymptotic normal distribution.
e Denote Ay = (G WoGo) and By = Gy Wo\gWoGo, Then
Avar(éGMM) = AalBoAal/n.

@ It can be estimated by /TglE?oZgl/n, where
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Optional Weighting Matrix

The GMM estimator depends on the choice of Wn, the weighting matrix.

Question: which W,, or Wy is the best?

o If we choose Wy = /\51, then By = Ap and

N _ _ —1
Avar(Ogum) = Ayt = (G4 Ny Go)

@ In Hansen(1982), it can be shown that for any Wy > 0:

Avar[0,(Wo)] := (Gg Wy 1 Go) 1 Gy WohoWoGo)(Gy Wy 1 Go) ™t
> (G Ayt Go) ™ =: Avar[f,(AyY)]

o Hence, the choice of W; = Ay! is the optimal.
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Weight Matrix

@ The efficient GMM estimator will use Wn — A1 as the weight
matrix, where

n
~ ~

A_]' N\, T .0
A—n;g(wuo)g (W,,Q)

@ The @ is an initial estimator, any consistent estimator of 8 can be
used.

o For instance, it can be derived by minimizing
1i T( ..e)li (wi; 0)
n .71g wi, n .71g wi,

e So 0 is a GMM with W, = /..
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The GMM estimator

Step 1: Construct an initial estimator 0 which is a GMM with any
weight W > 0, for example W,7 =1I.

Step 2: Obtain the optimal weight matirx

-1
( Zg(w,, W,, 9))

Then the GMM estimator with /VV,T as the weight matrix satisfies:

Jn (é’gMM - 90) LY <o, (GOT/\OT G0)1>
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Sargan-Hansen Test

It can be shown with 8 = §GMM, the objective function satisfies
(Homework):

n n
To(0) =012 gT(wis )W 123" g(wisd) S X7,
i=1 i=1
From this asymptotic distribution:
@ We also need the condition r — p > 1.
@ Hypothesis Testing: reject Hy : Eg(w;; 6p) = 0 if T,(6) > X%—p,l—oc'

e Ocym also is named minimum y2-estimator.
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Hypothesis Testing

Test for Hy : c(fp) = 0, where c() € R with Q < q.

Wald Test:
A/~ AaN"LD A A A A
cT(e)(V(e)) (@), V(0) = var (c(e))
LM Test:
n ~ n /\ n
= [Zg wi O Wi Y g(wii 0,) — ZgT(w,-;en)W:Zg(w,-;en)]
i=1 i=1 i=1
We have T,, i) X%} under Hy, where:
0, = argmin g (w0 W* g(w;; 0)
0eB,c(0)= OIZ; ,z:;
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An important feature

If we have r restrictions, would more moment restrictions lead to more efficiency?
To appreciate this question, let

g(W,e) = (g(r—l)(W30)7gr(W70))T7 Eg(W70) =0.
N———— N——
r 1

The asymptotic variance of § based on g(-,-) € R is:

o o) e ()]

And asymptotic variance of é(,_l) based on g(,_1) is:

og ! 0 -
(r—1) ~1 T &(r—1)
("5 ()

An important feature in GMM:

o Vi< Vvh

@ Hence, GMM with r restrictions is at least as efficient as GMM with r — 1
restrictions.

-1 .
Vrfl T
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Note that at 6 = 6y

E<g(r—1)g(f,1)> E (g-v&’) _:< A B>
E(give)  E(&) S\Bh ¢

Let D = C — BT AB. The inverse matrix of block matrices formula gives:
-1
A B Al 0 A"1lB 1/ nT
<BT C) _<0 0>+<—/ >D (874.~1)

. A B
Write E(gg") := < BT ¢

E(gg') =

> and A.=E (g(,,l)g(-’r—_l)). We have

+H

(Eleg™) " = [ (€ (s0-vel ) ©

0 0

where H > 0.
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Proof

Therefore,
O8(—1) T -1 9g(r—1)
oo ("N ) ([ o] (7Y

—E' <3gge_1)> <E (g(r—l)g(l——l)))_l E <3gg9_1)> +H

=V + 'le > Vr—la Vril < V,__ll

Remark 21

From the above inequality, we know that if

= () e (a8) #o

then there will be reduction of the asymptotic variance in using the moment
restriction in some directions or combination of the parameter space. This is
exactly the attraction of GMM.
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